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53

Numerical integration

53.1 Introduction

Even with advanced methods of integration there are
many mathematical functions which cannot be inte-
grated by analytical methods and thus approximate
methods have then to be used. Approximate meth-
ods of definite integrals may be determined by what
is termed numerical integration.

It may be shown that determining the value of a
definite integral is, in fact, finding the area between a
curve, the horizontal axis and the specified ordinates.
Three methods of finding approximate areas under
curves are the trapezoidal rule, the mid-ordinate rule
and Simpson’s rule, and these rules are used as a
basis for numerical integration.

53.2 The trapezoidal rule

Let a required definite integral be denoted by f: ydx
and be represented by the area under the graph of
y = f(x) between the limits x = & and x = b as
shown in Fig, 53.1.

YA

¥=f(x)
[
//1
//
Vi| YalYalha Ynet
0 x=a x=b x-;
I d'd ld l
Figure 53.1

Let the range of integration be divided into n

equal intervals each of width d, such that nd = b—a,
b—a

le.d =

The Urdlqlates are labelled y;, ¥2, 3, ... Yut+1 @S
shown.

An approximation to the area under the curve may
be determined by joining the tops of the ordinates
by straight lines. Each interval is thus a trapezium,
and since the area of a trapezium is given by:

1
area = 5(sum of parallel sides) (perpendicular
distance between them) then

b 1 1
f ydx % 201+ m)d + 3 0n+ w)d

o

1 1
+ 5()’3 + ya)d + "‘E(Yn + ¥ur1)d

1
%d{5y1+yz+)’3+)’4+"-+)’n

+ )
2)’n+[

i.e. the trapezoidal rule states:

fbydr N (width uf) {1 (Hrst+last) + (ms::l;;nuif.g)}
A interval 2 \ ordinate ordinates

1)

Problem 1. (a) Use integration to evaluate,
3

correct to 3 decimal places, f —dx
X

1
{b) Use the trapezoidal rule with 4 intervals
to evaluate the integral in part (a), correct to
3 decimal places

32 31
— = 2x 2
@ /I \/de ﬁ ax
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-1 . 3

|3 ]
—§+1 1

4] =4[V3- V]

= 2.928, correct to 3 decimal
places,

il

{b) The range of integration is the difference
between the upper and lower limits, i.e. 3—1 =
2. Using the trapezoidal rule with 4 intervals
gives an interval width d = ~—~ — 0.5 and
ordinates situated at 1.0, 1.5, 2.0, 2.5 and 3.0.
Corresponding values of — = are shown in the

X

table below, each correct to 4 decimal places
(which is one more decimal place than required
in the problem).

2
¥ Jz
1.0 2.0000
1.5 1.6330
2.0 1.4142
2.5 1.2649
Ls.o 1.1547

From equation (1}

2 1 ‘
—_— 2~ (0, —(2. . 7
/lﬁdx (5){2(20000+1154)

+ 1.6330 + 1.4142 + 1.2649}

= 2.945, correct to 3 decimal places.

This problem demonstrates that even with just 4
intervals a close approximation to the true vaiue of
2,928 (correct to 3 decimal places) is obtained using
the trapezoidal rule.

Problem 2. Use the trapezoidal rule with 8

32
intervals to evaluate / —= dx, correct to 3
Po/x

decimal places

With 8 intervals, the width of each is 3~ ie,

0.25 giving ordinates at L00, 1.25, 1,50, 1.75, 2.00,
2.25, 2.50, 2,75 and 3.00. Corresponding values of
2

—= are shown in the table below:

Jx
2
x 2
Nz
1.00 2.0000
1.25 1.7889
1.50 1.6330
1.75 1.5119
2.00 1.4142
225 1.3333
2.50 1.2649
275 1.2060
3.00 1.1547

From equation (1)

22 1
—dx = (0, =(2. . 78
/1 \/;dx (025){2(2000+1 1547) + 1.7889
+ 1.6330 + 1.5119 - 1.4142
+1.3333 + 1.2649 + 1.2060}

= 2.932, correct to 3 decimal places

This problem demonstrates that the greater the num-
ber of intervals chosen (i.e. the smaller the nterval
width) the more accurate will be the value of the
definite integral. The exact value is found when the
number of intervals is infinite, which is what the
process of integration is based upon.

Problem 3. Use the trapezoidal rule to

/2 1

0 14 sinx
Give the answer correct to 4 significant
figures

evaluate dx using 6 intervals.

T_o

With 6 intervals, each will have a width of 2 -

le. % rad (or 15°) and the ordinates occur at 0,
5
{12, g Z" g l_g and ;—r Corresponding values of
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are shown in the table below:

1 +sinx
1
x —
1 +sinx

0 1.0000
% (or 159 0.79440
12 or .
% (or 30°) 0.66667
w} (or 45%) 0.58579
g (or 60°) 0.53590
S5m o
= (or75") 0.50867
g (or 90°) 0.50000

From equation (1)

T
z 1
— dx
o 14sinx

b4 1
~ (ﬁ) {5(1.00000 +0.50000)

+ 0.79440 + 0.66667
+ 0.58579 4+ 0.53590

+ 0.50867}

= 1.006, correct to 4
significant figures

Now try the following exercise

Exercise 180 Further problems on the
trapezoidal rule

Evaluate the following definite integrals using
the trapezoidal rule, giving the answers cor-
rect to 3 decimal places:

12
1. /l; T dx (Use 8 intervals)
[1.569]

3
2. / 2In3xdx (Use 8 intervals)
1

[6.979]

/3
3. / Vsin#do (Use 6 intervals)
[
[0.672]

14
4, f e " dx (Use 7 intervals)
i)

[0.843]

53.3 The mid-ordinate rule

Let a required definite integral be denoted again by

f;’ ydx and represented by the area under the graph
of y = f(x) between the limits x = ¢ and x = b, as
shown in Fig. 53.2.

y=fx)

3

><1}

Figure 53.2

With the mid-ordinate rule each interval of width
d is assumed to be replaced by a rectangle of height
equal to the ordinate at the middle point of each
interval, shown as vi, ¥2. ¥3, -- . ¥n in Fig. 53.2.

b
Thus / ydx~dy +dy+dys+ - +dy

]

dyi+yntynt-o+

i.e. the mid-ordinate rule states:

b i
.. ( width of sum of
/; ydx = (imerval ) (mid-ordinates) @
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Problem 4. Use the mid-ordinate rule with
(a) 4 intervals, (b) § intervals, to evaluate

3
/ ~—= dx, correct to 3 decimal places
1

W7

(a) With 4 intervals, each will have a width of

——, i.e. 0.5 and the ordinates will occur

at 1.0, 1.5, 2.0, 2.5 and 3.0. Hence the mid-
ordinates y;, w, ¥3 and y; occur at 1.25, 1,75,
2.25 and 2.75

2
Corresponding values of — are shown in the
X

following table:

2
i VE
1.25 1.7889
1.75 1.5119
2.25 1.3333
2,75 1.2060

From equation (2):

3
2
—dx 2~ (0.5 [1.7889 + 1.5119
/1ﬁ ©.5)

+1.3333 + 1.2060]

= 2.920, correct to 3
decimal places

(b) With 8 intervals, each will have a width of
0.25 and the ordinates will occur at 1.00, 1.25,
.50, 1.75, ... and thus mid-ordinates at 1.125,
1375, 1.625, 1.875 . .. . Corresponding values

2

of — are shown in the following table:

NES
2
i N
1.125 1.8856
1.375 1.7056
1.625 1.5689
1.875 1.4606
2,125 1.3720
2.375 1.2978
2.625 1.2344
2.875 1.1795

From equation (2);
32
./1 ﬁ dx = (0.25)[1.8856 + 1.7056
+ 1.5689 + 1.4606 + 1.3720
+1.2978 + 1.2344 + 1.1795]
= 2.926, correct to 3

decimal places

As previously, the greater the number of intervals
the nearer the result is to the true value of 2,928,
correct to 3 decimal places,

2.4

Problem 5. e /3
i

to 4 significant figures, using the mid-

ordinate rule with 6 intervals

Evaluate f dx, correct

24—
With 6 intervals each will have a width of 0,
i.e. 0.40 and the ordinates will occur at 0, 0.40, 0.80,
1.20, 1.60, 2.00 and 2.40 and thus mid-ordinates at
0.20, 0.60, 1,00, 1.40, 1.80 and 2,20,

Corresponding values of e=*'/ are shown in the
following table:

=
x e 3
0.20 0.98676
0.60 0.88692
1.00 0.71653
1.40 0.52031
1.80 0.33960
2.20 0.19922

From equation (2):

24 _g
/ e dx ~ (0.40)[0.98676 + 0.88692
0

+0.71653 + 0.52031
+ 0.33960 + 0.19922)

= 1.460, correct to 4
significant figures.
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Now try the following exercise

Exercise 181 Further problems on the
mid-ordinate rule

Evaluate the following definite integrals using
the mid-ordinate rule, giving the answers
correct to 3 decimal places.

T3
1. A 1—_H—2—dr (Use 8 intervals) [3.323]

warf2 1
2. —— 6i i 0.
]0 1 T smo (Use 6 intervals) [0.997]

3]
3. [ DX gx  (Use 10 intervals)  [0.605]
1 X
/3
4, / veos? xdx (Use 6 intervals)
0
[0.799]

53.4 Simpson’s rule

The approximation made with the trapezoidal rule
is to join the top of two successive ordinates by a
straight line, i.e. by using a linear approximation of
the form a + bx. With Simpson’s rule, the approxi-
mation made is to join the tops of three successive
ordinates by a parabola, i.e. by using a& quadratic
approximation of the form a + bx + cx*.

Figure 53.3 shows a parabola y = a + bx + cx’
with ordinates i, ¥z and y3 at x = —d, x = 0 and
x = d respectively.

A
¥4 y=a+bx+ox?
¥ Yz Ya
4 0 d x

Figure 53.3

Thus the width of each of the two intervals is 4.
The area enclosed by the parabola, the x-axis and
ordinates x = —d and x = d is given by:

d B2 374
/ (a+bx+cx2)dx=[ax+i+i]
~d 2 314

- 2 3

2
= 2ad + Ecd3

or % d6a + 2¢d®)  (3)

Since y=a+bx4 ex?,

at x:~d,y1=a—bd+cd2

at x=0,w=a

andat x=d,v3=a+bd+cd

Hence w+yvi=2a+ 2ed?

And v + 4y, + y3 = 6a + 2ed” (4

Thus the area under the parabola between x =
—d and x = d in Fig. 53.3 may be expressed as
L d(y + 432 + y3), from equations (3) and (4), and
the result is seen to be independent of the position
of the origin.

Let a definite integral be denoted by [ ydx and
represented by the area under the graph of y = f(x)
between the limits x = @ and x = b, as shown in
Fig. 53.4. The range of integration, b — g, is divided
into an even number of intervals, say 2r, each of
width d.

Since an even number of intervals is specified,
an odd number of ordinates, 2r + 1, exists. Let
an approximation to the curve over the first two
intervals be a parabola of the form y = a+ bx +ex?
which passes through the tops of the three ordinates
yi. v and y3. Similarly, let an approximation to the
curve over the next two intervals be the parabola
which passes through the tops of the ordinates ys,
vy and ys, and so on. Then

b 1 1
/ydx ~ S0y + 43+ ) + 3408+ )
o

1
+ 3 d(y2a—1 + 4¥ + Yans1)
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d)

/— _ y=1(x)

A 4] ¥ Ya Yan+1

¢} a b

[T =

Figure 53.4

2

dl(y + YVonr1 )+ A2+ a4+ Vor)

LI e

+ 2+ ys e+ + )]

i.e. Simpson’s rule states;

b
[
a

~ 3 (it of ) {(fiest+ last

sum of even
+4 (ordinates )

(5)

i)

]

Note that Simpson’s rule can only be applied when
an even number of intervals is chosen, ie. an odd
number of ordinates.

Problem 6. Use Simpson’s rule with (a) 4
intervals, (b} § intervals, to evaluate

/3
1

? dx, correct to 3 decimal places
X

(a) With 4 intervals, each will have a width of

——, i.e. 0.5 and the ordinates will occur at
1.0, 1.5, 2,0, 2.5 and 3.0.

The values of the ordinates are as shown in the
table of Problem (b}, page 440.

Thus, from equation (5):

7
-1

1
—=dx~ Z(0.5)[(2. .
77 9%~ 3(0.5)[(2.0000 + 1.1547)

+ 4(1.6330 + 1.2649)

+2(1.4142)]
1

= 5(0.5)[3.1547 + 11.5916
+ 2.8284]

= 2.929, correct to 3 decimal
places.

With 8 intervals, each will have a width of

.i.e. .25 and the ordinates occur at 1.00,
1.25,1.50, 1.75, ..., 3.0,

The values of the ordinates are as shown in the
table in Problem 2, page 440,

Thus, from equation (5):

/7
1

1
—=dx & ~(0.25)[(2.0000 + 1.1547
N 702512 +1.1547)

+4(1.7889 + 1.5119 + 1.3333
+ 1.2060) + 2(1.6330
+ 1.4142 + 1.2649)]

1

=3 (0.25)(3.1547 + 23.3604

+ 5.6242]

= 2.928, correct to 3 decimal
places,

It is noted that the latter answer is exactly the
same as that obiained by integration. Tn general,
Simpson’'s rule is regarded as the most accurate of
the three approximate methods used in numerical
integration,

Problem 7. Evaluate

i3 1
f | 3 sin® g d8, correct to 3 decimal
0

places, using Simpson’s rule with 6 intervals

m
T _o
With 6 intervals, each will have a width of 3

ie, 1% rad (or 10°), and the ordinates will occur at
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o — 2 2 =% 22 al
1§96 918 M43

1
Corresponding  values of 4/1— gsin29 are

shown in the table below:

T bia T

18 9 6
{or 107 (or 20°) (or 30%)

1.0000 0.9950 09803 0.9574

1
W1 — Zsin*e
3SlI'l

A
9 18 3
{or 40°) (or 50°} (or 607)

0.9286 0.8969 0.8660

1
y/1 = Zsin’8
381[1

From equation (5):

m

] T
f3 /1= = sin20 46
A 3

~ % () [01.0000 +0.8660) +4(0.9950

+ 0.9574 4 0.8969)
+2(0.9803 + 0.9286)]

1
=3 (%) [1.8660 + 11.3972 -+ 3.8178]

= 0.994, correct to 3 decimal places.

Problem 8. An alternating current i has the
following values at equal intervals of 2.0
milliseconds:

Time (ms) | ¢ 20 40 60 80 100 120
Current i

(A) ¢ 35 82 100 73 20 O
Charge, g, in millicoulombs, is given by
g= 012.0 idr. Use Simpson'’s rule to

determine the approximate charge in the
12 ms period

From equation (3):

120
Charge, q=/ idt
0

~ 3OO +0) +43.5+100

4+2.0) + 2(8.2 4+ 7.3)]
=62mC

Now try the following exercise

Exercise 182 Further problems on Simp-
son’s rule

In Problems 1 to 5, evaluate the definite
integrals using Simpson’s rule, giving the
answers correct to 3 decimal places.

ni2
1, / vsinxdx (Use 6 intervals)
0
[1.187]

L6
/0 wd& (Use 8 intervals)

[1.034]

1.0 o3 g
3. / S 16 (Use 8 intervals)
0z @
[0.747]

wj2
4, / xcosxdx (Use 6 intervals)
¢
[0.571]

M

i3
f e sin2xdx (Use 10 intervals)
0
[1.260}

In Problems 6 and 7 evaluate the definite inte-
grals using (a) integration, (b) the trapezoidal
rule, {c) the mid-ordinate rule, (d) Simpson’s
rule. Give answers correct to 3 decimal places.

* 4
6. f —4dx {(Use 6 intervals)
1 x

[(a) 1.875 (b) 2.107]
(cy 1.765 (d) 1.916

dx (Use § intervals)

7 /6 !
S 21

[(a) 1.585 (b) 1.588 ]
{c) 1.583 (d) 1.585
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In Problems 8 and 9 evaluate the definite The distance travelled in 8.0 seconds is
integrals using (a) the trapezoidal rule, (b} the given by fo' vt

mid-ordinate rule, (c) Simpson’s rule. Use 6
intervals in each case and give answers correct
to 3 decimal places.

Estimate this distance using Simpson’s
rule, giving the answer correct to 3 sig-

nificant figures, [28.8 m]
3 11. A pin moves along a straight guide so
8. f VI1+xtdx that its velocity v (m/s) when it is a dis-
0 tance x (i) from the beginning of the
[(a) 10.194 (b) 10.007 (c) 10.070) guide at time ¢ (s) is given in the table
07 below:
- 1
9 —dy
01 /1= 3y2 t(s) v {m/s)
[(@) 0.677 (b) 0.674 (c) 0.675] 0 0
10. A vehicle starts from rest and its velocity 0.5 0.052
is measured every second for 8 seconds, 1.0 0.082
with values as follows: 15 0.125
2.0 0.162
time ¢ (s} velocity v{ms™") gg gigg
35 0.160
0 0 a0 | o
1.0 04
2.0 1.0
3.0 1.7 Use Simpson’s rule with 8 intervals to
4.0 29 determine the approximate total distance
gg ‘61; travelled by the pin in the 4.0 second
7.0 8.0 period.
8.0 9.4 [0.485 m]
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Supplementary Mathematics Notes

Matrix 4Algebra
and the

Theory of Linear Bquatioms

e 1ementary Matrix algebra

———

Matrix algebra is directly applicable to the solution of
simulteneous linear equations and has many other ppplications $neluding
the analysis of vibrating mechanical systems, eleotric network theory,
geometry, statistics.

1.1 Basic Pefinitions:

inmx nmatrix is a rectangular array of mn elements
(usually numbers) arranged in m TOWS and n columns.

Conventionally a matrix is denoted by & capital lotter

[e.ge L} its elements being denoted by the corresponding small letter
together with 2 pair of suffices to indloate the position of the
element in the matrix, the first of these suffices roferring to the
row, the second to the colum [e.8s &23 denotes the element is the
ond row and 3rd colurm of matrix 4.

A 'typical' element is usually denoted a3 3 signifying a
element in the ith row end jth column of A where i, J ere arbitrary.

. Exemple: ' i = /2 1 2 3

is a 3 x & matrix with asg = 2, a1 = L, etc.

Two matrices are said to be equal 1f they are of the samo size and
if 2ll corresponding pairs of elanents are squal. More precisely
+his can ba stated: 4 = B if A and B are of tha some size and if

agy = Py for all i,J. Matrices of different sizes are not comparable.

4,2 sddition of Mstrices

If & ond B are both m % n matrices we dofine o matrix
C = 4+ B by the equatione éij‘aié*bij , for all i =1 <« 0
ﬂ-ll j & 1 sse 1




Txanplo: M= /12 3 3 B = f2 o 1%
; !/ '
i ) { )
‘ : 7 Do %/
& j" 3 2; \‘ ' < #

n.bs sdéition is only defined between matrices of tho same sige.

From the definition the algobrale propertiocs Iisted below
~an be guickly proved.

(1) 4 +B=3B+.4
(27 L+ (B+C)= {01+ B) + C

(3) .+ 0=. where O s the axn patrix having every elemont
ZOTG.

x

{4) Givon any m x u matrix L there is a mabrix -4 such thak
4+ {=a) =0,

Specimen Proof:

To prove any of the above propertics it is neoossary e
ostablish 3 things {a) that cach side of the equation docs in fact
exist (b) timt the matricos obtzined on cach side ave of the sams
size and hence comparzble {c) that the corresponding poirs of v aments
in these mmtrices arc equal.

~o Prove {4):
LOt;l'l‘“B:G, B+.&J::DU

Since .,B arc both m x n metrices o o+ B ois defined and is an
@ ow n mbtrix,

5

Similarly B + . dis a well defined m x n matrix. Hones § oandD
both exist and are comparable.
.. =a,.+b, ,=b,, +a, =4d for all 1,]
i i id i ij

hence finally C = D.

1.3 Multiplication by a Sealar

ot 4 be an m x nnomatrix end A be a scalar (or number) an
¥ & = . is then defined by the cquations bij = Ag, . fTor il i,d.

a.
3 1\ A o= S 3 RN
: i

51/ Y

_.;"::E{.;;mplﬂi T
\1
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“n particulsr taking A = 2 we have 24 = ifu 6 2 )

From the definition the following algebraic propertios can
we easily verified:

(1) AG+B) =2a + 23
(2) (A #p)i =2 +pa
(3) 0i=0

(&) AMpa) = )i

fit is cssumed throughout thet 4 and B are m x n matrices A, p are
scalarsi.

1.4 The Product of Two Matrices

The definitions given for equality, addition and scalar
multiplication of matrices will appoar to be plementary and cbvious.
It might scem patural to define the product of two matrices in a
sinilar way [i.e. by multiplying together corresponding pairs of
elements]. Unfortmately, although this would offer the simple st
definition it would be of very limited practical application ard a
definition suited to the practical application of matrices 1s nreferred.

Suppose we have variables X, Xgj3 Y1, Y2, ¥3i %1, %u ralated
oy the following linear wquations:

Xy = daa¥e + dap¥e T 813¥3 J1 = Dig Za + LizZe

[1

Xy = Spgyy + Bpe¥e + azays vz = bai z1 * Dazie

Yo = bas 21 + bapze

where 25 19 bij arc constants for all i,j.
74

Then clearly the relationship between the variables X = (xé) and Y =Q\yg
¥

*s determined by the 2 x 3 matrix d.

The relationship between Y end the variables Z = { §1> is
\ 2

deternined by the 3 x 2 matrix B.
This could be expressed more briefly by writing:

X =AY, Y = Bi.

Therc is an implicit relationship between the variables Xy Xa and the
variablos 24,453 suppose this 1s expressal in terms of a matrix ¢ as X = CZ,
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It would be convenicnt if the matrix product was defined
in such a way that C = aB.

Carrying out the necessary linear substitutions to express X
in terms of Z suggests the method of defining a matrix product,

Substituting for yi, y2, ya into the expressions for
Xy 4, Xg gives:

Xy = ag1(ba1%a + DizZa ) + aiz(baing + baeZz) + aza(bazzs + biaze)

]

%o = 853(01441 + binZy) + ape(bsisa + bosse) + ana(bsima + bagzs)
these c¢an be simplified and re-arrvanged tc give:

. .
(a11b1s + 049Dps + Qugbas )y +. (Bealzz + Qyaban’+ fa95b3a )2z

i

==

{054b11 + agabps + aggbsi)zi 4 (ﬂzﬁbgﬂ + Assles assbas )og

Hi

Xz

These equations should be compared tith:

Xy = G1124 F* CypZp

1

Xz Czay1 + Conmp

Ziving for example:

i

Cio a11bie + azgbsz + ai1gbasn

Cpz = Ap1biz + Gpabsz + fasbas

Frewm this we obtain the more general relationship:

i
§

I

vij

[N AN

— 1’
= aiibij + aizbaj + aisbaj for i

L

>

In this way we define the product of the 2 x I matriv 4
and the 3 x 2 matrix B to give the 2 x 2 matrix © = .DB.

Formel Definition of Hatrix Product

Let & be anm x n matrix and 3 be an n x @ matrix the
product € = JB is then an n x p matrix defined by the cquations:

Il

ey
Cij = aiibij + aizbgj + sae +F ainbnj = >L;aikbkj

k=1

for i = 1 coe m, j': 1 ses i} s

Note. The element c;. in the 1 th row and j th column of the product
B 12 obtainod by mul%ipiying together in palrs and ndding the elements
of the 1 th rod of 4 and the olements of the jpp column of B, ¢y can
be considered as the 'product' of the i th row ¢f . and the j th colwm

i B
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The product B is only defined if the nusber of columns‘of‘
4 1s equzl to the number of rows of B, If this ccondition is satisfied
4B has the same number of rows as .4 cnd the sanme number of columns

as B,

Exomple:

1)  4=/2 3 i\ B=/2 1 B= (5 ~12)
f ‘! ‘
i1 2 0 !-3 2 } b=h 5 \
| / | / ‘\ |
2 3 1 L0 -5 Y
(i1) c=/1 2% p= /3 1) €D = ifﬂ 5)
: ; i
(-1 3/ fe 2/ Lo 5/
= /2 9

(131) E= [2 3 -1 I=/1 0 o\ EL = ,’2 3 —1}
1oL 6 fo 1 o 1‘1 S
[o o

1.5 Properties of Matrix Products

(1) (& B)C = .(B C), wherc . is any m x n matrix, B any n x p
matrix and C any p x q matrix,

{2} (B + C) = 4B + ..C where 4 is any m x n matrix, B.and C
are n x p matrices,

(3) (D + B)a = Di # Bi where D,E are 1 x m matrices and 4 is
an m x n natrix,.




(4) Tk = &y 4T = 4, Where = is an m x n matrix, I, is the
- Al
oow o om o ilentity movrix

G ‘
Ir‘-l - 5100"..."06
- E

{ @,',ﬁ.-n- .e-oo }

i . j
\Otvunaonoo(}“,\’

i

and I, is the n x n identity matrix.

(5) 4.0 =0 where .. is an m x n matrix the zero on the left
is the n x p zero matrix and the zero on the right is the n x p zera
natrix.

((6) A(aB) = A(LB) = (AL)B for any scalar A.

Specizen Proofs.

These properties can be proved direetly from the definition
of the product of two matrices. In cach case the existonce and the
equality of the two sides must be separately established,

(2) Supposc 4 is an m x n matrix, B and C are n x p matrices.

Then B + C = D is o well defined n x p matrix and &(B + &) = &D
is a well def'ined m x p matbrix.

Similarly 4B = F, i0 = O are well defined m x p matrices and
H=F +& is also an n x p matrix.

Hence the two sides of the equation are comparable.

Let {3 + ¢) =B = D,

° N
L) %

2
Then elj = ZLJaikdkj = Eljaik<bkj + okj)

Il

Yo =1
I ¥

Y;ﬂ D i

= Giy by # T A0 = f + 23 from
ik ik“k 1 SN . )
Z___J J J .;,LB 3 .&.:.C I

k=1 k=1

= hij {31nce H=F + g}.

Hence B = H or A{3 + C) = .B + .C.
(&) Tc prove I ba = .

Iy is properly defined as Im = {843}, the m x m matrix whose
typical element is 81 j. 6ij [the Kronccker Deltal being defined as:

Sij=1 ifi =3

i

bi3=0 if i £ j.

L




Since Iy is an @ x 0 matrix and 4 is an m x n matrix Ipa i3 a well
Anfined m x n matrix.

Let IpAi =B
Then bij = Ez:ﬁikakj = 84 j {since 8 = O except for

k = i when djx = 1},
k=1

Thus B = & or Ipa = .
Similarly aly = 4.
It is usual to drop the suffices m, n to give the equations I. = A,

AT = & it being understood that the appropriate sized jdentity matriz
is chosen in each casec.

Exceptional Properties of Matrices

{a) iB £ Bd

This is to say that in genoral B will not be equal to Bd.
Unless a,B are both square matrices of the same size .B and Ba will
not be comparable {thoy need not even both exist, see cxample (1)1,

In the special case of i and B both being n x n matrices
it is still not generally true that B = Bi. A counter example to this
is provided by example (ii).

If in fact 4B = Bi, this is a speclal property of the pair
of matrices which is expressed by saying that 4 end B gummute.

In particular all squore matrioces commute with the identity
matrix and with the n x n zero matrix,

Since matrices do not in general comute a great deal cf
care must be taken when manipulating matrix products to koep the
matricaz in the correct order.

5o (L +B)® = a% + 4B + B+ B® £ 4% « 21B + B°

ABa £ 47B

(v) JB =0l i=00rB=0

Real numbers have the elementary property that if a, b are
numbers such that a.b = O then either a = 0 and/or b = 0, This is
expressed symbolically as ab=0=pa=0orb =20,

It is certainly true for matrices that 4.0 = 0 and OB = 0
but a3 the example below shows it is slso possible to have 4B =

with . and B both non zoro,

0




Emg"‘e:
Tet L =:1 2 1% B o= f=1 2 1
[ \ [
i oy 2 [ 4 -2 -1}
.
I C I

Ther B = 0, fbut note that Bi £ C in this cesel.

a5 o consequence of this property .t is not alweys possible
to conclude that iff 48 = .0 then B = C.

4B = 40 =» u(B ~ C) = ¢ but this may be possible with B - C # Ol
p y be p

1.6 Non Singular Matrices

« sguare n x n matrix .1 for which it :Lgls possz.bhﬁo fiyd
an inverse matrix .71 with the properties A4 I, 4 A=11ds
said to be non-singular,

If 4 is a non singular metrix the cancellation law
AB = AC =2 B = C is valid since we have:

4‘$ J.I.G
-1 -1,
= .u. (.t...B) = da (.&‘LC)
-t -

= {i 4)B = (i 1;1)0 f{by property (1

=3 IB =

= B = C fby property (&)1.

Example:
Iet 4 = (2 & 1) B = j-2 -1 3

) : o
i

: 11 1 (10 =1 }
/ ' /

L2 3 \ 1 2 -2/

Then B8 = I and RBRi=1.

Honce both 4 and B are non singular with B = 4‘:1 and 4 = B—1

By no means all sguare matrices have inverses for oxample

G = 1 2. can have no inverse,

o 0\ (1 2\ /o o)
]




and the existence of an inverse for C would #mply that

{-2 2\ /o 0

\1 -1/ l‘o o/

which is clearly false.

There are a number of methods for determining whether a glven
matrix is non singulesr and if so finding the inverse but those will
be considered after the theory of linear eguations.

1.7 The Transpose of a Matrix

Defn. Let 4 be an m x n matrix the transpome of ., donoted A7, 1s
an 1 x o matrix obtained from & by interchanging the rows and columns.
More precisely if ag; is the clement in the 1 th row and j th column
of &' thenajj; = ay for all i, j.

4 square motrix 4 such that A = 4 is seld to be symmotric.

& square matrix B such that B/ = B is said to be skew-

sxmmetric.

Examples
R /5 1 2z \ A = 5 2\
Vo2 3 5 1 5/’
o !
Bz ;1 2 c = f0 1 =2\
/ / . ( } is skow-
; 2 2 5f iz symmetric 1 -1 0 3 f symms tric
§ : ;
2-1 5 by b2 -3 o

Properties of the Transpose

(1) (4+B) = 4 + B

(2) (iB)" = Brat




S

- 40 =

Bxerciscs on Elementary Matrix Algebra

(1) A = {2 -1 2) B = /5 1‘) ¢ =73 4\

/ | ?

3 0k 7 B3 b 27
/ ;
e 1 2/ -3 1!

Calculate 4B and BC and verify that (4AB)C = A(BC).

i
|

/

(2) By assuming tho existence of an inverse of the fomm { x ¥y
t

;\z
whore x,y,z,% are to be determined, find the inverse of +the matrix

A

Hence solve the equations 2a + b = 7, 2a + 2b = L.,

and find a matrix X such thet Xi = [ 1 2 \
!

1 3L/

(3) Expand the Pollowing expressions where X and B ara n x n mitrices
whirk do not commute.

(i) (& +3)(a - B)
(1i) (a4 - B)®

(iii) (T + 4)°

(4) If Aiis any m x n matrix and B is any n x p matrix prove that
(aB) = BfAY,

(7} L matriz P is s2id to be crthogemal if it satisfies the equation
FP' = T. Show that the matrix




-] -

find the values of &% and 4°,

- %]
Drdnea tha valuns of A7 and A
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2. Theory of Linear Eguaticns

The system:

B11Xy + Bigxe + eso T oan®n T Gy

age¥y + lpaXa + ese + B2n¥n T Cn

a1 ¥y b ampxs T oeee t 8mn¥n

Cn

of m linear equations in n unknowns can be written in smutrix form
as AX = C where . is the m x n matrix of coafficients X is the u = 1
matriz of column veotor jxi\ and C is the constant column vector

¢ B

[t

7
I
3 ‘

1

-

o= (%)

\cm !

The solutions of the above system are closely linked to the
related homogenecus system oX = 0. This relationship is established
in the first two theorems bolow,

2.1 Thecrem i
IfrX=Y ==(3f1 \ is any solution to the homogeneous set of
\3} /E the equations .X = 0, then X = Y is also
n
a sclution for any valuc of the vonstant A,
If ¥ = Z is a further solution so is X =Y + Z.

Proof
3ince X = Y is a solution we have iY = O.
Substituting X = AY into the equ;ticn glves
A o= MY =AY =X.0 =0
showing that AY is a solution for 2ll volues of A.

Since X = Y and X = Z are both sclutlons we have AY = 0 and
a7 = 0 substituting X = Y + % gives:

A =iy +8) =Y + 4 =0+0=0

hence X =¥ + Z is a solution.

Note The cquation .X = 0 is always soluble since X =0 is a solution.
This is called the trivial solution, any solution other thon X = 0

is called a non trivial solution, 4n immediate consequence of the

ahove theorem is that if the homogeneous eguations X = 0 have a2 non
trivial solution then they have an infinite number of distinet scolutiovns.
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2,2 Theorem 2

I# X = Y is any particular solution of the non homogeneous
equations AX = C and if X = 2 is a non trivial solution of the related
homogeneous equations AX = O then a more goneral solution of the non
homogeneous equations is X = ¥ + AZ for any value of A,

Proof

Since X = Y is e solution of AX = C then AY = C

Since X = 2 is & solution of AX = O then by Th 1 30 is X = AL,
Substituting X = Y + AJ into the equations gives AX = A(Y +2Z)
ZAY + A(AZ) = C + 0 = C.

Hence Y + AZ is a more general solution.

Converse to Theorem 2,

If the equations AX = C have two distinet solutions then
corresponding homogeneous equations have a non trivial solution.

Proof
Let X = Y and X = 2 be two distinct solutions to AX = c.
Let X =y = Z then since these solutions are distinet ¥ - 2 # 0.
AXY = A(Y = 2) = AY = 47 =0 =0 =0, verifying that X = ¥ = 2
is the required non-trivial solution.

Deductions from Theorems 1_and 2.

Consider the cquation AX = C where A dis anm xn natrix.
As a consequence of theorems 1 and 2 there are 3 mutually distincs
possibilities for the existance of solutions 4o thesc equations:

(1) AX = C has a uniquo solution, in this oase AX = O has
only the trivial solution.

(11) AX = C has no solution or the equations are incompatible

(iii) AX = € bas an infinite number of solutions and AX = O hes
a non-trivial sclution.

From this it cen bo seen that it is ofcritical importance to
kuow whether or not AX = O has a non trivial sclution. ‘

2,3 Theorem 3

The set of m homogencous cquations in n unknowns =0
always has a non trivial solution if m < 1.
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Proof
The proof is by induction on m.
When m = 1 the set of.equations is:
Q13X + GypXap + oees + Qipk, = O

. s o e .
in this case we can assume all coofficients are non zoro {otherwise

-\ A ; R
the corresponding variable would not aprpear).

Le‘t xl - &123 }’,’2 = _a‘i"nﬁ Koy om .. x:}, = Oa
This gives a non trivial solution.

Suppese the theorem is true for oil scis of m = 4 equaticns
in a greater nuaber of unknovms,

Consider the cguations: GeaXa F AinXp + ese + oap¥, v 0
dga¥y + Qeadp ¥ eee * ApuXy = O
where n > m 2 ~ } =i
e .

-
L

iy + OpeXe + oess F Hpn¥n = &

in at least one of these cquations X must appear with 2 non zcro
coefficiont, we may supposc g A O jotherwisc the order of the sguationa
may be altered as necessaryl.

1
Let X, = = P (3m1xi + BmeXp + eee + ﬂmn~1xﬂw1)-
el

5

For any values of . x.

"

s eme Xy, the final oguation will then
ne satisfied. Sudbstitution inte the preceding m - 1 equations gives:

& Les=
~
=28 ad

a set of m - 1 oquations in n - 1 unknowns,

But m < n =»n-1 < net and ao by the induction hypothesis these
cquations have a non trivial solution,

¢

Substitution of this into the expression for x, gives a non
trivial soluticn of the original m cquations,

Hence by induction the theorenm is proved,

Egrollagy

The set AY = ¢ of m non homogeneous equations in n uwdmowms can
never have a unique solution if m < n,




2.4 Casc of n equations in n unkncvins

In this casoc the homogeneous cquations AX = 0 may or may nob HAVE
a non trivial solution depending upon the metrix of coefficients. If in
particular the mtrix A %s non singular there is an inwerss matrix A" rnd
from ‘X = 0 we obtain . (LX) = ("X = 1% =0, giving X =0 wd show!ng
that only the trivisl solution is possible.

A simple example will suffice to show that on poceasions n
homogeneous equations in n unknowns can hove & non trivial sclution.

Ixemples
Bquations X - ¥Xg = G have only the trivial
%X + ¥ =0 solution
. Equations X = 2xp= 0 nave the non trivial

~2%x4 + Laa= O solution x1 = 2 X = te

Considering reclated non homogencous cquations we have:

: cy_+ C Cp = Oa
X4 » Xp =04 Soluticn: Xy =._L.§_“R . Cg =l
X1 + Xa = Ca

which is mnigque for all values of ¢ and ¢a,

¥3 = 2%z =5
are jnsoluble
~Oxy + hxg = 6
x1 - 2Xp = 2 hove solutions: %z =4 + D
. For any fe
-2x; + bxp = =L xg = 1 + A

Hence in this case the distinetion between no solutions end an
infinite number depends upon the constants on the right hand side of the
cquation. {In this example the coefficients in the 2nd equation are
precisely =2 X coefficients in the first equation unless the constants
are similarly related the equations will be incompatible]ls

In the case of 2 egquations in 2 unkmowns it is a relatively oSSy
matter to spot imcompatible cquations but as the number of cquations aud
unkmowns increases this becomes very difficult unless a systematic method
is used, Such a method of rccognising incompatible oquations and obtainiz
solutions of compatible equations is outlinced belowe

2,5 Usc of Augmented Matrix and Row Operations
%o Solve Linear Bguations.

The values of the solutions of the set AX = C of m equations in
unknowns depends upon the coefficients and the constants Ci, cess Om from
the right hand side, the actual symbols used far the unknovns ars irrelevat,

e
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As a first step in the celculation the apgmented matrix is introduced.,
This is the m x {n + 1) matrix

;8140012 ess 1 ¢y Y
i

f 4p1 azs dan

Ca

L -

b = : s

. °
\a.mian-o--buu amn Gm!"

This augmented matrix contains all the information ncecssary to solve
the eguations.

In elenentary methods of solving linear cquotions it is usual
to attempt to climinate some of the unknovms by me ans of one Or more of
the following operations:
(i) Rearranging the order of the equations.
(1i) Multiplying (or dividing) any equation by & non zero constant.
(iii) Adding (or subtracting) any multiple of one equation from another.,
In the augmented matrix the rows correspond to the equations, as

a method of computation the following Elementary Row Operations are
introduced:

(I) Interchange two rows.
(II) Multiply any row by a non zero constant.

(III) 444 to any row a multiple of another.

If By is obtained from A4 by 2 sequence of clementary row oparatims
we say By is row-ecquivalent to J; or more simply By is cquivalent to Ass

Sinee the row operaticng are reversible A4 is also equivalent to By

Equivalent augnented matrices will correépond to equivalent sets
of equations having procisely the same sat of sclutions.

The basis of the method is to use row operations to reduce the
augnented matrix A1 tou an equivalent metrix of a particularly simple form,
called the row echelon form in which successive rows contain an increasing
number of zeros in the leading positions. For an augmentod matrix in
ochelon form it is an clemontary matter to obtain the solutions or to
determine that tho equations are incompatible. Tho method is best 1llustrated
by examples.

Examples:
(1) Solve, if possible, the equations:

Xi + 2% - Xg = L
2X4 + 3xa - Xg = 2
-X1 + Xz + 3xa = =1
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Corresponding augnented matrix is

S 2 -114\
f2 3 -1 2]

The object is to reduce this matrix to row echelon form by the use of
clementary row pperations. This is done systematically by Pirst obtaining
zeros in all positions lower than the first in the first column, then
cbtaining zeros in the roquisite places in the second column, ctce at
ench shage of the caloulation a note is made of the rov operations used.

\

: |
4 y — H
/ -1k /1 2 1 4.\1
{2 3 =1| 21~ BemZRe |0 =1 1{-6,
: { H i ’
V-t 1 3l BetRao 3 2 3/

/1 2 =1 ‘-4 |
~ 0 -1 1 16
Bat3R2 \0 O 5 =15/

The final matrix obtained corresponds to the equations:

X1+23{Q~x;3=4
- Xz + Xg =-b
5xs =-15.

From this the solution is: xs = =3, Xg = 3, x =~5.

Note as far as possible the first row is used os an c¢perator when
introducing zeros into the first column, the sccond row for the second
column, ete, If at any stege there is a zero in the eritical positiom
it is necossary to interchange the order of the rows befdre continuing.
Operations using the same row may be carried cut simultancously.

(2} Solve, if possible, the equations

Xy =~ Xp + 2Xa = Xg = 1
2%y = 2Xp + Xy + 2X3 = 3
3%y = 2Xp = 3%Xa + b¥Xe = -1,
augnmantod matrix is:
£
{
L2 -2
|
|3

1 -1 2 = 1
2
-2 =3 L ; -




n‘f 1 -1 2 -1
~ Rz - Ra { 0 1 =9 7
Yo o -3 &

Aq\

-k |
1/

In +his case the final rov corresponds to the equation =3X%p + Low = 1,
this has no unicue solution, letting xa = A (arbitrary constant) gives

Xa :-EZ.— ) substituting into the egquations

3 3

corresponding to the first and sccond rovs gives:

O%g ~ 7% =~ & = H5A -7

b <)

1

¥y = Xe - 2xg + X + 1 = -‘%97\-—&5&.

(3) Show that the equations below arc only compatible for cne value of k.
For this value of k find the solution.

H]
[e

Xy + 3%p + 2%a
3% + Xg + DXz =
2x; + b¥p + 3% = Kk

in

augmented matrix is

13 2& 34 3 el 3
R \0 -2 =1 |6/

/43 21 3%
~ { 6 -2 =1| =k |
Bg-R | O O O %2/

Since the 1ast row of the cchelon matrix corresponds to tho equation
Ox; + Ox, + Oxs = k = 2 the cquations arc incompatible unless k = 2.

A
For k = 2 tho solutions are: Xag = A, ¥ = 2 = %, Xy =~3 -3

Bete  Exanples (1) and (3) illustrate all the possibilities for the
solution of n cquations in n wnkmovns, If the matrix of qoofficicnts is
row equivalent to a matrix of the form Mogg *tt0t it

|
|
A

\

b s
28, 1J

Osee OO
L
-3
XX LR

.ll.'ﬂQO bm“

whora 61l the diagonal clementa big, Dbag, ees, by arc non zoro a unique
solution to the equations iX = C can be obtained for all velues of ¢,
{including 0 = 0], If, on the other hand, A& is row cquivalent to ann x 1
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matrix with zero-final row the existence of a sclution will depend upon
the values of Ci  Cp. ses, Cp and will in eany casc not be unigue.

+X = 0 will in this lase have o non trivial solution since it is equivalent
to a set of n - 1 homogencous equations in n unknoms.

2.6 The Determinant of an n x n Matrix

It has previocusly been noted that for a systom in n homogeneous
cquations in n unknovns the cxistonce or ctherwise of o non trivial solution
dopends upon the coofficient matrix. Tho dotorminant of an n x n matrix
is a number so defined that it is zero if the corresponding homogencous
cequaticns have a non trivial solution and is non zero othervise.

1 x 1 Determinant

. The equation a14% = 0 has a nen trivial solution only if as1 = O
hence define |a13_| = a11

2 % 2 Determinant

Consider the oquations asixs + diaxe = O

agi1Xe + ggaXe =0

. . "a a
For thesc to have a non irivial solution the metrix « = 12 12
15X Az2

must be row equivalont to a matrix with zoro final row

Ja11 21z \ B2 2z \

!\a ;T 0 . - 813 023 E (provided ais # 0)

21, daz ‘\ 2z Are / :
. Hence in the case ags £ 0 JX = 0 ms a non trivial solution only if

Ag1 Oz = 813 dg1 = C.

If azq = 0 . is row equivalat o & motrix with zero row only
if a,3 = 0 or sz = O which once more loads to the condition asiase — @isdzs = 0
The 2 x 2 determinant 1344 aiz | is then defined as ai118e2 - 812821
i j

!
fags  8z2

Crapers Rule for Solution of 2 Simultanecus Equations.

Consider 211Xy + 3g2xz = Ct

8piya t B2aXe = Ca , suppose |.[4.l ,-4 0.

The eugnented matrix of this set of equations is:

Ja1s  81a | C1 ) ‘a1 813 | °1 \1
i i P~ v :

H H ﬂ; G4 i
\ o ; } 0 a. - g3 Cop o i Is)

Y 21 azz { csf \\ 22 ai14 | 2 g11 1;}
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N a2
. \ ¢y = =2ig : - as1
Giving solution xg = _°  asq * = 2dloz2 T 21 CL
— 811p,8™ 12 &gz
agg E"""a&zi
a
11
iag1  C4f
|
or % = Ek2 interchanging x4 and xp enables the solution
:311 &12} .
tagy a‘azg
]Ci -E.gif
le 1
2 . .
x4 = ,""'""%a! to be written down,
e 81z
. i
i
18z1 a:as;

These solutions are usually put in the form:

e AU S e R

‘C;‘_ a‘j a_'ﬂ_j ci

Cy ag 831 ¢
this result being a special case of Cramers Rule,

3 x 3 Determinant

!
[

Suppose the equations 8y4yy + 812Xz + 8,8

Bg4Xy + Sgoxs + 433X

apiyxy + aneXe * Gusda

i

have a non trivial solution.

The second and third equations can be re-written :

8a1x1 + 82Xy - az3X3

aaiyy + amzXg = &paXs

Using Cramor's Rule the solution of these is :

—_—He . . B L X3

j~823 azsi -iazs. ~8g3 az1 g

i !

~ass  ase | l8g1  =Bas’ 231 asz
or Xy -Xa ' ' Xg

laza 4g3a = j8g1  8u3 \ = g F] 8gg

| i i

iBan aas [aa1  ape ‘g laa1 faz
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Substituting these values for x; e, Xs in the first equation gives as

a condition for the existence of’a non trivial solution :

A14 . 2aa %1 “%22%1 %az'Pms\&u fpn

!

asa aasi 33 EE !831 asz

! i

This then gives the definition of the 3 x 3 determinant bl .
Note The coefficient of ass is the 2 x 2 determinant obtained by
omitting the first row and first column from IAI. The coefficient of 242
is =~ the 2x2 determinant obtained by omitting the first row and second
column frem |al.  The cuefficient of asa is the 2x2 detormuinant obtained by
oritting thoe first rovw snd third column fram |.f,

A comparison withethe expression for the 2 x 2 delerminant shows
. that it could have been expressed in a similar way, the coefficients of
a4 and a3, being 4x1 determinants.

n x n Determinantsa

The above definitions can be generniised to define gn r x 7
determinant as @

231 Q4p oeocoesoe aipn ASLe venceecao 2T

!
i i f
; , !
!agi A22 sesnss '2ni asz :
e j . !
R i = 241 | '
X . " |
‘lfi1 ececesocoewnsan 3'2’111! jan,z anni
. Aga  Gng cesesas Gan{ i i
| ! ! i
g i 1 ;
i | | I
: ! 5 ) 5
_aizi i +a13, f seenow
i ! ; |
1 i

4n1 9nn

etec,

This definition is in terms of n(n~1) x (n-1) determinants the coefficint
of ayj being (=1)1%J times the detsrminant cbhtained frcm.IAI by omitting
the 1st row and j th columm,

2.7 Properties of Determinants

From the definition of an n x n determinant the following
propertics can be established, Proof's of these are omitted but they
can be found in any suitable Algebra text-book,

(1) iﬂl = IA!l where A/ denotes the transpose of A, {This result
means that any property of the rows of a determinant will be immediately
applicable to the columnsi,
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(2) If B is obtained from 4 by interchanging two rows (or columns)
then |B| = - lA{. :

(3) If A tes two identical rows (or columns) then {A| = 0. {This
is a dircet conseguence of (2)}]

(4) If B is obtained from A by multiplying all the clements in one

row (or column) by a constant c¢ then |B| = c|4a|.

(5) If B is obtained from 4 by adding to one row (or column) k times
another row (or colummn) then |B| = |af.

(6) If 4 and B are any n x n matrices then |AB| = la|.|B|.

2.8 Numericrl Evaluation of Determinmts

The n x n determinant |A| has been defined in terms of the
elements of the first row and certain smaller determiwmants; this is
usually referred to as expanding the determinant by its first row,

In practice this full expansion can be very laborious and the above
properties off'er some short-cuts in this process. An immediate consequence
of property (4) is that the expansion could just as well have been

defined in terms of the elements of the first column (or ar will be seen
later of any row or colum). Propertiss (&) znd (5) are particularly
useful since they enable constant factors to be removed and the rows

and columns to be manipulated to obtain zero clemcnts in certain

positions of the determinant., If this is done systemabically the
doterminant can be rapidly evaluated.

Example :
Evoluate ;| 1 5 7 =2] o5 7 -2
‘ > 4 3 1i } [Raa-zm} o -5 -1 Sj
=12 81 o+ Ry o 7 15
! 0 1 3 ki 0 4 3 4
15 7 -2 -t s 7 -2
i ! '
L {0 1 3 #! _ (Re~TRe ] !0 1 3 4 ;
= ;o 715 1] T |Re#6B § 10 0 -6 29|
"o -6 =11 5| ‘o o 7 29
Expanding by the first column this gives :
-1 3 4 :
y O =6 =29 = - ["6 29| . _og
o 7 29 7

2.9 Minors and Cofactors

The n-1 x n-7 doterminant obitained by romoving the ith row and
J th column from an n x » determinant Iﬁl is called the minor of 84 js
it is usually denotod Mj
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The coefficient of ajj in tho full expansion of the determinant
is called the cofactor of agj, it is denoted Aj j.

i+ '
The mincrs and cofactors are related by the rude Aij = (=1) %wij.

From +he definition of the dcterminant this rule clearly holds
for clements in the first row of 4, it can be deduced for elements in
the 1 th row, where i £ 1, by repeated application of property (2)
{interchange of rows)., By a suitable interchange of rows any row can
Lte prought into the first row position, cxpanding in terms of this
row gives ¢

A

= aj1diq + aiedis t ees * 2indsps

this is the formula for theapansion of Ai by the i th row,

Application of this result to the
cxpansion by the j th column of {a) :

i th row of A’ gives the

v

IA[ = C’uéé:‘z?__j + azj.;'l,aj 4+ ase ¥+ a,njf’.ﬁj.,

Consider next the cxpansion of an n % n determinant with cqual
i th and j th rows, exponding by the j th row gives

%5111 A4z ewasoen ain

[
it

|
1
I
i th_’ {aii a«iz evpBoo e ain
i

= a’iﬂ-A:}i + aiz-‘ﬁ‘-jz + see aind‘a.jn

)

¥

H

!

!

|

|

. i
o th » 291 a‘iZ soooes 5‘-111
4

i

FET ssscenmesen LT

{The coffactors are equal to those in lu since apart from the elements
o' the j th row the two matrices are identicali.

~application of this to IA! gives a similar result for columns :
O = 24y + Gpidej + oes + apgdyy Where 1 £

These i preperties of cofactors can be summarised by the equations:

n
':i—\ _
ket jk
ya
N

&5 5t (1)

il

n

)
>:Jaki&kj

k=1

83 514l | (2)

Expressed in words this is 'The sum of the products of the elements

of one row (or column with the correspending cofactors of another row
(or columm)} is zero. The sum of the products cf the elements of one row
with their own cofactors is equal to the determinant.®




2.10 Cramer's Hule

The more gencral versicn of Cramer's rule for the solution of n
linear egua*ions is n unknowms can be derived from the above properties
of cofactors,

Censider the equations @

814Xy +* Bgzyg t oess FOindn = Gy
ApiX: + Nip¥e + oes + GonXpn = O2
°
=
ﬂni:(:j_ + anxe + see + a,nnxn e Gn

Multiplying the first equation by 4s3, second by sgy ete., and
acding giwes :

78 n

n
SN AN N
- ﬂk:v.*&:i)xi * e *\ Y ok ) XL oee- > Sjoriid |
\ L L s
k=1 k=1 =1
= Ci“lii - C;B‘lzi + ses + anx.ni
Using properties of cofactors this reduces to :
l"l.l x'i. = ia-j_i £ aw aj_i-u-“ Ci aﬁ.i.’.‘l ade a'In 4
n
5&21 c= Ui 4q e G2m
. |
st 8nimqd  Cn Fri+] eve Spp o

or {provided |a] # 0)
x - A

where B; is the matrix obtoined from . by replacing the i thc column
by 3 01 \‘~_‘
ey !

L
[

L]

\ Cn _,“

This result is usually exprossed as @

1 o
TET s TRT T TRT B

Cramer's rule provides a convenient method of writing down immediately the
sobutions of a set of linear equations, but sincc these solutions include
n x n determinants they are not in a very practical form.




- 25 -

—

3, The inverse of an n x n Matrix

nn x 0 omatrix L is said to be non gingular if there is &
natrix o= such that a1 = i1a = I, 41 is called the inverse of ..
It will be shown that . is non singular if and only if la] # 0.

3.1 Galculation of inversc using Adjoint Matrix

Let . be any n x n matrix, Adja, the adjoint of L, 1s then aefined
as the transposc of the matrix whoso clements are the cofactors of I“ .
f.0. if Adji = B, then bij = 4nji for all 1J = 1, <=+ Is
Consider headls

Let .":...(:ud-j.-t; = C

Ther by defn, of matrix product and of adja

n
: k=1
Hence aeadjh = |alll (3)

Similarly if D = dAdji.a

Il
dj._.j =] Z“‘kiakj = 6iji4‘i| using (2)
' ke
or Ad jaeds = iAl.I (L)

Equations (3) and (4) are valid whether or not |.] = c.

If, morecover lgl # 0 the cgquations may be divided by the scalar 15}
to give:
1 A L3} 2 - . A 1 . LI
( T:-T .Ld.J.ﬂ.) = I = s <l::‘r .u.dJ..;)

showing that . is non singular if [.il £ ¢ with inverse Lfiz iiT.Ade.

If, on the other hand, |4 = 0 then the equations X = 0 have
a non-trivial solution X = Y £ 0, but if we assume the cxistence of an
inverse matrix &' : AY = 0 =pact(ay) = a0

= I¥ = 0
= Y =20

which is a contradiction.

Hence whoen lAl = 0 .. can have no inverse.
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It will be appreciated that the formula L = -T—?T adyn will

always anable AT1 to be calculated when & 1s non singular but in
practice this caleulation becomes very laborious when A is larger than

%3 % 3, [For 2 3 x 3 matrix the calowlation involves 1 3 % 3 determinant

and 9 2 x 2 determinants, for a 4 x 4 matrix the samc calewlation
involves 1 & x k& determinant and 16 3 x 3 detcrminants]e

3,2 Calculation of Inversc Using Elemcnbary Row Opcrations

For thc solution of n linear equations in n unknotms the uso
of elementary row operations on the augnented matrix provided an
alternative to the ccleuletion of the solution maing Cramer's rule and
determinants, the work involved being much less in the case of larger
values of n. - similar method can be applicd to the galeulation of an
inversc matrax., This mothod is dcmonstrated below, the theoretical

justification being given later.

Frample
Find the inverse of the matrix 4L = /1 1\
{2 o 2]
i
2 -2 1

The aim of the method is to begin by forming a 3 x & matrix consisting
of two 3 x 3 matrices a4 and L. Elcementary row opcrations are +then
poerformed on this matrix until o is reduced to the unit matrix I, the
matrix obtained by vorforming the same oparations on I 1s st

3 I
£ 110 4
) ; !
2 0 236 1 O
Lz -2 o o 4/
¢l1 1 i 1 O 0\
Re- 2Ry ,’ 2 o0l-2 t 0
Be= 2Re Yo -y -1 -2 O A
1 40 4.0 =+ 0\
R1+T?R2 | -2 j
- Jp, c 1 0 ’l 1 -3 0]
Re- TR \o 0 =11 2 =2 )/
Ry + Ra 4 0 01 2 -% 1\
i
jo 1 ey --;- 01
¢ - i
- R \o o 1 %-2 2 "-1‘;;_"
- —1 -'
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z .
A check shows that f’2 -é 1 X !f 1 1 1¥
[ 4 -4 0 12 e 2;
a . )
-2 2 -1, \ 2 -2 ¥
/1 0 0

|
* 0
\ 0 0 1 /

verifying that the matrix cbtained is indeed A~1.

3+3 Theoretical Justification

To justify the sbove method it is necessary to introdure fhe
so-called elementary matrices [or elementary row uperution matrices].

An n x n elementary matrix B is a matrix obfained from the u x n
identity matrix I by performing a single elementary row operation upon itf.
The elementary row operations and corresponding elementary matrices E are
such that if A is any n x m matrix and E is an n x n elementary matrix
BA is the matrix cbtained by performing the corresponding operation on A.
This is proved by considering separately the three types of olementary row
operation and their corresponding elementary matrices,

Type I. Interchange the order of 2 rows,

Suppose the r th and s th rows are interchanged.
Lot the corresponding elementary matrix he F.
Thom eij = &33- for i #rors.

epj = 8y » ©5j = Opj
Let EA = B

Then for j =1 see m Wwe have!

n
by = EZ:&ikakj = ajj for 1 g ror s
k=1
n
brj = zﬁskakj = asj
k=1

n
bgy = K;--\5rk:alvcj = arj
L

k=1
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lence B is the matrix obtained by interchanging the T th and s th rows of 4,
Type il Multiply any row by non-zero cons_tsmtn

Suppose the r th row is multiplied by A. Then if the corresponding
olementary matrix is E and EA = B,

eij = 513 for i # r,
8pj = Rérj and for § = 1 ... M.
n
—— -
ﬁoij = > Bikaj = 24 j for 3 # r
—
k=1

!

n
T‘ 7\.& T‘kak: = Kﬂ.rj o
L/ J

k=1
Hence B is the matrix obtained from A by multiplying the r th row by A.

~ype A1T Add to any row a constant multiple of aznother row.

Supposs u times r th row is added to s th row,

!
o

Thin if E is corvesponding elementary matrix ond BA =

Q34 = aij for i # s. egj = asj + Pﬁrj
n fOr'jz‘lcaom:
ey
vbij — Z/a'ikakj - a’ij for 1 # S.
k=1
n
S
bgj = ziJ(ﬁsk + Hark)akj = fsj * Harj
k=1

Hence B is the matrix cobtained by adding p times the r th row of A to the
5 th row of A,

Suppose now that B1, B, ... By are the elunentary matrices
corresponding to row operations which taken im order will rcduce an n x n
mabrix A to the identity matrix,.

Since the application of these operations corresponds to pre-~multiplying




A in tum by the elementary matrices we have: I = By Bicmq see EpFad

Gr {Ekl': ] Gea Eﬁ,} = 41“1q

tut the matrix }.“iakEz,_,! o My 1s precisely the matrix obtained by
avplying the same sequence of clementary row cperations to I, in the
grevious nuncriecal caleuistion this is the right hand half oi‘ the 3« &
LatriX.

3 iriler 1o the above e be proved for clemontary
G f DrTEET aualng ‘dLomentary matrices
bod upon [i.¢. AR iz matirix
solumn operation],

.
= u.T‘::_U,LJ thx, i:ut‘"lx 1:
from 4 by performing &

» properties of thne elosentory motrices can be wused to justify
. d of sclving lincar egustions using the sugnent od matrix.
Aab
S Y — . . - . . ' - A
L) The inverse of a non gngular nox 4 mosrix 9s mique, many it dnvorse

Wil oalse e o right inverse aend converselv.

a nen singular metrix,

oot Dupp
2O O i~ he

ot gran of L oaval fhng T
ok L odrnvorse of A osuch Shnt L =

1 - i : '

oyt - !

B AR S 45 R ¢ ~
. L R

50 right inverso
ingud sh between 1ot

o ] 5 LT L o R I AA e B . A e m cren Aoy D
Now guppose sy and Op. 0 ore oo, Moo oosihle ddstinoet, dnvorsos Tor oo
4 i -] e -}
e e, Ty ’ . [ -
AR S Y B AR I :A)f@ = Ay v
aniguely determined,
IT 4oana B Lre both non singular n x n matrices then &b lz vom I
R - - -
(ab)7 0 = BT,
o i 5 ey £ e crenmTy = e L=t
LOnsLler k..‘.l.is,'(B e ) = .-1(.".5.8 Jiu = Iu = kia = 1.
.

Gaoring thet 4B is non siagular with inverse 3 4 .




(3) I 4 is a non singular matrix the matrix equation AX = B has unique
solutio% X=A B and the matrix equation YA = C has unique solution
Y-‘:C‘&_ -

Proof
Consider 4X = B

Pre-multiplying by i° gives 4 (aX) = 4 B = IX = 4

If 3Xy = B and iXp = B,

Then .X; = X, and pre-multiplying by & | gives (i A)Xe = & 'a)¥e
| = X1 = Xg

Showing that the solution is unique.

Similerly post-multiplying by . | shows that Y = C.0' is the
unique solution of Y. = C [note unless C and .~1 commute ¥ = .~ 'C is
not a sclution].

Note. The above property shows that the inverse matrix provides a
further method o cnleulatiy $he solution of a set of n linear equations

in n unknowns when the matrix of coefficients is non-singular, This
method although rather laborious for one set of equations is very useful
for obtaining the sclutions of a number of sets of rclated equations with
the same coefficients. This situation iz likely to arise when the matrix
of coefficlents represents 2 linear system and inputs have to be caleculated
for g wamber of difTerent gutputa,
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Exercises

e Solve the equations
Xy * 2%y =~ Xg = 4L
3%y + bxy + Xg
2xy + 3%y + 2xg

it fl
AN -
-l

(a) By using Cramer's Rule
(b) By inverting the matrix of coefficients
(c) By performing row oparations on the augmented matrix

2. Solve, if possible, the following sets of equations:
(a) Xg +ys + 22 = A (b) 2% -~ yo + 22 =7
2xy + by =~ 3214 = 3 3xg + yg ~ 522 = 13
3%1 + 5y1 =224 = 11 Xg + Y2 + %2 =5
W Find the values of A for which the equations

xt + 2% + Xz = Ax
2%y + X + %3 = Axg
Xy + Xg ¥+ 2x3 = Axa

have a non trivial solution. For one of these values of A give the
most general solution,

L. Find the most goneral form of solution of the equations:

Xt =X + 2¥Xa - X =1
2% =~ Xg + 3xg - by = 2
-x1+5xg-x3-x$::—1
5., {n) Show that 1 1

i P 7 7
ia b c; = (a=-Db)(b~c)(c~a).
!az b.fa .'BI

(b) Show that x® + y® + 2° is a factor of

v o+ 52 ¥ yz] i fncbor
2 and hence factorise
2%+ yﬁ! Zx this determinant

£ +y 2 xy completely.
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o Show that the eguations:

Xy + 2% - 3% =0
2%y = Xg + 2xa =0
x1+73<_'é-11xs=0

have a non trivinl solution. Find a solution which also satlsfies

2
%2 +x92 + oxan o= 1.

e ™nd the inversos of the matrices
I B .
/ } 2 3
A = :2 l‘+ 1 -
: ; B = /
i ! i3 4 |
L2 3 1/ ‘
Honen find a matrix X such that
f9 0 1)
Bla= o 1 o0,
8. Find the inverse of the matrix:
f 1 .2 0 9 |
;‘-1 4 1 o}
1= ]
- =\2 3 o o)
V1 ok -1 5/

hence solve:

Xy o+ 2y + Xy = 2
~Xy ~Xg + X3 =1

2x4 + 3xp - =5

X1 + 4% - x3 + 5xe = 0]

- ) \
9. I 1 =2 /7 1 31
. (-—1 21 ! p o 3 2/
Y0 -1/ Va1 1)
show that / =1 \
Plap= [ o 2 o
\ o o 1/

Using this result find the values of L7 and Lf1.




- 10 Find the inverses of the matrices
3 3
/
\ 1 b 37
4\
andl

‘2 3k ‘\
‘ !

B o= :1 4 3 1 ’,"
12y

Find X if HBX

11e  Show that the matrix 4 = /2 2 o2
1 5 =2
1 2 -1

satisfies the matrix equation A ~ 34 + 21 = 0, Use this

result to find the value of ATL.

Hence solve the equations
X, * 2X, - 2%, = 4
X, + 3%, - 2%y =

X, txy - x5 = 3

. and 2%, + x5 + X5 = 4 .
2x) + 3x, +2x5 =

)
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Summary, Matrix ilgebra

an 2 x n matrix 4 is a rectangular array of mn elements arranged
in m rows 2nd n columns, ai3 is the clement in tho i th row and j th
column of i

Sum of two matrices: If . and Baremx n ma.trj_cos C=.+Bisanmxn
metrix with c¢ij = aj5 *+ bij'

Jealar Product: ki =D is an m x n matrix vith dij = kal:':.,j'

Product of Two Matrices: If & is an m x n muetrix and B is en n x p matrix
C =P is an m x p matrix with

Oij = zaikbkj
]

n
k=1

Propertiocs: 4(BC) = (uB)C, A(B +C) = .B + 4C.

&l = . vwhere I = {5131 65_3:1 if i= j
0 if i # j.

f

and TL = 4 5i,j

But in gencral 4B £ BA,
4 1ls s2id to be non singular 1f . is an n x n matrix and there
exists a mgtrix 4277 such that a1 = a~1i = I, 4°7 is called the inverse

®

of 5. 4! is given as l_:li,"_aj‘; or by the application of clementary now
b

operations to (L|I) to give (1141"1).

. Ldgh = transpose of motrix of cofactors of le .
Detorminants
-l{ = 11441 + Q1g:iq3 + eee + Aityp  Or more gonerally,
n n
4l = Zaiw‘ik = ) 215
k=1 1=1

Lotneters: 4 5 is the cofactor of apy in |.] it is given by
i+
(“1) Jl\iiju -

sinora:;  Myy, tho minor of g is the {nw4}x{n-1)dctorminant obtained

by omitting the i th row and j th column from I.&I .
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Theory of Linear Equaticns

The solutions of the set aX = C of m linear equations in n unknowns
are related to those of the corresponding homogencous system aX = 0;
if X = Y is any solution of 4X = C arnd if X = Z is a solution of the
homogeneous equations 4iX = O then, for any k, X = ¥ + kZ is also a solution
nf oX = C. )

If the equations 4X = C are compatible {i.e¢, have a solution}. this
solution is unique only if ;X = 0 has only the trivial solution X = 0

If m < n iX = 0 always has a non~trivial solution and eansequently
the sclution of AX = € can never be unique.

If m=n {i,c. n cquations in n unknowns]. iX = O has a non-trivial
solution only if |a] = 0. Ir |i] Z#0 X = C has o unigue solution for
any value of €, namely X = .~1C. If |..{ = 0 then, depending upon the
values of C, iX = C will either be insoluble or have an infinite number
of solutions,
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