CHAPTER

Steady-State Conduction—
One Dimension

2-2 | THE PLANE WALL

First consider the plane wall where a direct application of Fourier’s law [Equation (1-1)]
may be made. Integration yields
kA
g=—-— (T, -T) [2-1]
Ax
when the thermal conductivity is considered constant. The wall thickness is Ax, and T
and 7> are the wall-face temperatures. If the thermal conductivity varies with temperature

according to some linear relation k = ko (1 + BT ), the resultant equation for the heat flow
is

koA

q__Ax

(@-m+Laz-1)| 22
If more than one material is present, as in the multilayer wall shown in Figure 2-1, the
analysis would proceed as follows: The temperature gradients in the three materials are
shown, and the heat flow may be written

=T _ A
=—kg

T3 —T L AT4_T3
=—ke

g=—kpA "
A AXp AXxe

Note that the heat flow must be the same through all sections.

Figure 2-1 | One-dimensional heat transfer through a composite wall and electrical analog.
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Solving these three equations simultaneously, the heat flow is written

B T —T,
D= Axa/kaA+ Axp/kpA + Axc /kcA

thermal potential difference

Heat flow = -
thermal resistance

a relation quite like Ohm’s law in electric-circuit theory. In Equation (2-1) the thermal
resistance is Ax/kA, and in Equation (2-3) it is the sum of the three terms in the denominator.
We should expect this situation in Equation (2-3) because the three walls side by side act as
three thermal resistances in series. The equivalent electric circuit 1s shown in Figure 2-15.
The electrical analogy may be used to solve more complex problems involving both
series and parallel thermal resistances. A typical problem and its analogous electric circuit
are shown in Figure 2-2. The one-dimensional heat-flow equation for this type of problem

may be written
_ ATgverall

B ZRth

where the Ry, are the thermal resistances of the various materials. The units for the thermal
resistance are °C/W or °F - h/Btu.

It 1s well to mention that in some systems, like that in Figure 2-2, two-dimensional
heat flow may result if the thermal conductivities of materials B, C, and D differ by an

q [2-5]

appreciable amount. In these cases other techniques must be employed to eftect a solution.

Figure 2-2 | Series and parallel one-dimensional heat transfer through a
composite wall and electrical analog.

B
F
— 4 - E
G
D
1 2 3 4 5
Ry Ry
. A A
E— Re
o——AMAN— AN, AAN— o—
n Ry Rp, Rg Re
A A AA

[2-3]

[2-4]



2-4 | RADIAL SYSTEMS

Cylinders

Consider a long cylinder of inside radius r;, outside radius r,, and length L, such as the
one shown in Figure 2-3. We expose this cylinder to a temperature differential 7; — 7}, and
ask what the heat flow will be. For a eylinder with length very large compared to diameter,
it may be assumed that the heat flows only in a radial direction, so that the only space
coordinate needed to specify the system is r. Again, Fourier’s law is used by inserting the
proper area relation. The area for heat flow in the cylindrical system is

A, =2arL
so that Fourier’s law is written .
a
gy = —J{A, E [2_7]
or
dT
Gy =—2mhkrL —
dr

Figure 2-3 | One-dimensional heat flow
through a hollow cylinder

and electrical analog.
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with the boundary conditions
T=T; atr=r;

=T, atr=r,

The solution to Equation (2-7) 1s
_ 27kL(T; —T,)

1 7o
mira/ri)

q [2-8]

and the thermal resistance in this case 1s
In(ro/ri
Ry = 7)f )
2wk L

‘The thermal-resistance concept may be used for multiple-layer cylindrical walls just as it
was used for plane walls. For the three-layer system shown in Figure 2-4 the solution is

2aL (T) — Ty)
g =
™ (r2/r)/ka+In(r3/r2)/ kg +1n(ra/rs)/ ke

(2-9]

The thermal circuit 1s also shown in Figure 2-4.

Figure 2-4 | One-dimensional heat flow through multiple cylindrical sections
and electrical analog.

In(r,/r,) In(ry/ry) In(r,/r,)
2mk L kgl 2nkeL

Spheres

Spherical systems may also be treated as one-dimensional when the temperature 1s a function
of radius only. The heat flow is then

4nk (T — To)

2-10
1/ri—1/rs [ :

=

The derivation of Equation (2-10) 1s left as an exercise.



Multilayer Conduction EXAMPLE 2.1

An exterior wall of a house may be approximated by a 4-in layer of common brick [k =
0.7 W/m - °C] followed by a 1.5-in layer of gypsum plaster [k =0.48 W/m - °C]. What thick-
ness of loosely packed rock-wool insulation [k = 0.065 W/m - °C] should be added to reduce the
heat loss (or gain) through the wall by 80 percent?

M Solution
The overall heat loss will be given by

AT

T 'n
2_ th

q:

Because the heat loss with the rock-wool insulation will be only 20 percent (80 percent reduction)
of that before insulation

g with insulation 5 > Ry, without insulation

g without insulation > Ry, with insulation

We have for the brick and plaster, for unit area,

Ax _ (4)(0.0254)

R, = — =0.145m? - °C/W
k 0.7
Ax  (1.5)(0.0254) .
Rp =—=-""2""-0.079m”-°C/W
k 0.48

so that the thermal resistance without msulation 1s
R=0.14540.079=0.224 m2. °C/W

then 0.224
R with insulation = W =1.122m?.°C/W

and this represents the sum of our previous value and the resistance for the rock wool

1.122=0.224 + R,y

R —0898—AX— —
T kT 0.065

so that
AXpy =0.0584 m=2.30 in




Figure Example 2-2
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EXAMPLE 2-2

Multilayer Cylindrical System

A thick-walled tube of stainless steel [18% Cr, 8% Ni, k =19 W/m - °C] with 2-cm inner diam-
eter (ID) and 4-cm outer diameter (OD) is covered with a 3-cm layer of asbestos insulation
[k=0.2 W/m - °C]. If the inside wall temperature of the pipe is maintained at 600°C, calculate
the heat loss per meter of length. Also calculate the tube—insulation interface temperature.

H Solution
Figure Example 2-2 shows the thermal network for this problem. The heat flow is given by

q 27 (T) —T) 277 (600 — 100)
- = — _ — = - =680 W/m
L In(ra/ry)/ks +1In(r3/r2)/ka  (In2)/19+ (In 3)/0.2

This heat flow may be used to calculate the interface temperature between the outside tube wall
and the insulation. We have
q Ta—-T

4__ Ta=2 _ _ggow,
L = In(r3/r2)/27ka /m

where T, 1s the interface temperature, which may be obtained as

T.=595.8°C

The largest thermal resistance clearly results from the msulation, and thus the major portion of the
temperature drop is through that material.

Convection Boundary Conditions

We have already seen in Chapter 1 that convection heat transfer can be calculated from

Geonv =NA (T — Txo)

An electric-resistance analogy can also be drawn for the convection process by rewriting

the equation as

Tw - Too

1/h A [2-11]

Heonv =—

where the 1/ A term now becomes the convection resistance.

2-5 | THE OVERALL HEAT-TRANSFER
COEFFICIENT

Consider the plane wall shown in Figure 2-5 exposed to a hot fluid 4 on one side and a
cooler fluid B on the other side. The heat transfer is expressed by

kA
g=mhA(Tp—-T)= A (T = T2) =h2A(T> — Tp)
X



The heat-transfer process may be represented by the resistance network in Figure 2-5, and
the overall heat transfer is calculated as the ratio of the overall temperature difference to
the sum of the thermal resistances:

_ Th—Tg
T=Uh A+ AxJkA + 1ho A

[2-12]

Figure 2-5 | Overall heat transfer through a plane wall.

Observe that the value 1//1A 1s used to represent the convection resistance. The overall
heat transfer by combined conduction and convection is frequently expressed in terms of
an overall heat-transfer coefficient U, defined by the relation

q = UA ATyverall [2-13]

where 4 is some suitable area for the heat low. In accordance with Equation (2-12), tl

overall heat-transfer coeflicient would be
1
U=
1/hy + Ax/k+ 1/h»

The overall heat-transfer coefficient is also related to the R value of Equation (2-6) through

1

" R value

For a hollow cylinder exposed to a convection environment on its inner and outer surfaces,
the electric-resistance analogy would appear as in Figure 2-6 where, again, T4 and T are
the two fluid temperatures. Note that the area for convection is not the same for both fluids
in this case, these areas depending on the inside tube diameter and wall thickness. The
overall heat transfer would be expressed by

Ty—Tg
In(rp,/ri) 1

9=— [2-14]




Figure 2-6 | Resistance analogy for hollow cylinder with convection boundaries.
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in accordance with the thermal network shown in Figure 2-6. The terms A; and A, represent
the inside and outside surface areas of the inner tube. The overall heat-transfer coefficient
may be based on either the inside or the outside area of the tube. Accordingly,

1
U — 2-15
T Ailn(ro/ri) Al [2-15]
hi 2wk L A, hy
U, = ! 2-16
T A, 1 A,In(ro/r) 1 [2-16]
ot t
Aj iy ZITK L o

The general notion, for either the plane wall or cylindrical coordinate system, is that

UA=1/ZRy = lerh.overaH

EXAMPLE 2-3 Heat Transfer Through a Composite Wall

“Two-by-four” wood studs have actual dimensions of 4.13 x 9.21 ¢cm and a thermal conductivity
of 0.1 W/m - °C. A typical wall for a house 1s constructed as shown Figure Example 2-3. Calculate
the overall heat-transfer coefficient and R value of the wall.

Figure Example 2-3 | (a) Construction of a dwelling wall; (») thermal resistance
model.
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B Solution

The wall section may be considered as having two parallel heat-flow paths: (1) through the studs,
and (2) through the insulation. We will compute the thermal resistance for each, and then combine
the values to obtain the overall heat-transfer coefficient.

1. Heat transfer through studs (A =0.0413 m? for unit depth). This heat flow occurs through six
thermal resistances:

a. Convection resistance outside of brick
1 1

R=—=———  =1614°C/W
hA  (15)(0.0413)
b. Conduction resistance in brick
nne
R=Ax/kA=—————— =2.807 °C/W
VKA = 0.69)(0.0413) /
¢. Conduction resistance through outer sheet
Ax 0.019
= = ______—=048°C/W
kA (0.96)(0.0413)
d. Conduction resistance through wood stud
Ax 0.0921
e _»3°c/wW
kA (0.1)(0.0413)
e. Conduction resistance through inner sheet
Ax 0.019
=—=————=096°C/W
kA (0.48)(0.0413) /
f. Convection resistance on inside
1
=3.23 °C/W

==
hA  (7.5)(0.0413)

The total thermal resistance through the wood stud section 1s

Riotal = 1.614 +2.807 +0.48 4+ 22.3 + 0.96 + 3.23 =31.39 °C/W [a]



2. Insulation section (A=0.406—0.0413 m? for unit depth). Through the msulation sec-
tion, five of the materials are the same, but the resistances involve different area terms,
1.e.,40.6 —4.13 cm instead of 4.13 cm, so that each of the previous resistances must be mul-
tiplied by a factor of 4.13/(40.6 — 4.13) = 0.113. The resistance through the insulation 1s

_ Ax 0.0921

- = =168
kA (0.04)(0.406 — 0.0413)

and the total resistance through the insulation section is

Riotal = (1.614 +2.807 +0.48 4+ 0.96 +3.23)(0.113) + 6.31 = 7.337°C/W  [b]

The overall resistance for the section is now obtained by combining the parallel resistances in
Equations (a) and (b) to give

l o
Roverall = 7173 )+(1!,?'_‘3?}=5.947 C/W [c]

i1 20
Nplyim ey

This value 1s related to the overall heat-transfer coefficient by

AT

overall

q=UAAT = [d]

where A is the area of the total section = 0.406 m?. Thus,

1 1

= =——=0414 Wm?.°C
RA ~ (5.947)(0.406)

As we have seen, the R value 1s somewhat different from thermal resistance and 1s given by

Rvalue= - = 1 —2414°C. m%/W
U 0414
B Comment
This example illustrates the relationships between the concepts of thermal resistance. the overall
heat-transfer coefficient, and the R value. Note that the R value involves a unit area concept, while
the thermal resistance does not.

Overall Heat-Transfer Coefficient for a Tube EXAMPLE 2-5

Water flows at 50°C inside a 2.5-cm-inside-diameter tube such that /; =3500 W/m? - °C. The
tube has a wall thickness of 0.8 mm with a thermal conductivity of 16 W/m . °C. The outside of
the tube loses heat by free convection with 1, = 7.6 W/m2 - °C. Calculate the overall heat-transfer
coefficient and heat loss per unit length to surrounding air at 20°C.

B Solution

There are three resistances in series for this problem, as illustrated in Equation (2-14). With
L=1.0m, d; =0.025 m, and d, =0.025 + (2)(0.0008) = 0.0266 m, the resistances may be cal-
culated as

1 1
§ - — — - 3 = )Vr
ki hiA; — (3500)7(0.025)(1.0) 0.00364 °C/3




_ In (dofd:‘)
T T oakL

_ In(0.0266/0.025) _ e
27(16)(1.0) ' '

1 1
1.575°C/W

RO — — =1.
hoAp  (7.6)m(0.0266)(1.0)

Clearly, the outside convection resistance is the largest, and overwhelmingly so. This means that it
1s the controlling resistance for the total heat transfer because the other resistances (in series) are
negiigible in comparison. We shall base the overall heat-transfer coefficient on the outside tube

area and write
AT

I=TR

1 1
 Ap YR [7(0.0266)(1.0)]1(0.00364 4 0.00062 + 1.575)

=7.577 Wm?.°C

=UAoAT [a]

U(}

or a value very close to the value of h, =7.6 for the outside convection coefficient. The heat
transfer 1s obtained from Equation (a), with

q=UA, AT =(7.577)7(0.0266)(1.0)(50 — 20) = 19 W (for 1.0 m length)

B Comment

This example illustrates the important point that many practical heat-transfer problems involve
multiple modes of heat transfer acting in combination; in this case, as a series of thermal resis-
tances. It is not unusual for one mode of heat transfer to dominate the overall problem. In this
example, the total heat transfer could have been computed very nearly by just calculating the free
convection heat loss from the outside of the tube maintained at a temperature of 50°C. Because
the inside convection and tube wall resistances are so small, there are correspondingly small tem-
perature drops, and the outside temperature of the tube will be very nearly that of the liquid inside,
or 50°C.

2-6 | CRITICAL THICKNESS OF INSULATION

Let us consider a layer of insulation which might be installed around a circular pipe, as
shown in Figure 2-7. The inner temperature of the msulation 1s fixed at 7;, and the outer

Figure 2-7 | Critical insulation thickness.
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surface 1s exposed to a convection environment at 7. From the thermal network the heat

transter 1s

2L (T, — Tw)
= (ro/ri) N 1
k roh

[2-17]

Now let us manipulate this expression to determine the outer radius of insulation r,,, which
will maximize the heat transfer. The maximization condition 1s

1 1

dq —o0— kro  hr2
dro In(r,/r; 1 77
(ro/ri) N
k roh

which gives the result

[2-18]

Fop=

=

[

Equation (2-18) expresses the critical-radius-of-insulation concept. If the outer radius is less
than the value given by this equation, then the heat transter will be increased by adding more
msulation. For outer radii greater than the critical value an increase in insulation thickness
will cause a decrease in heat transfer. The central concept is that for sufficiently small values
of & the convection heat loss may actually increase with the addition of insulation because
of increased surface area.

EXAMPLE 2-6 Critical Insulation Thickness

Calculate the critical radius of mnsulation for asbestos [k =0.17 W/m - °C] surrounding a pipe
and exposed to room air at 20°C with 1 =3.0 W/ m? - °C. Calculate the heat loss from a 200°C,
5.0-cm-diameter pipe when covered with the critical radius of insulation and without insulation.

B Solution
From Equation (2-18) we calculate r,, as

E = E =0.0567 m=5.67 cm
h 3.0

The inside radius of the insulation s 5.0/2 = 2.5 cm. so the heat transfer is calculated from Equation
(2-17) as

q_ 277 (200 — 20) .
L~ In(5.67/2.3) 1 =105.7 W/m
0.17 (0.0567)(3.0)

Without insulation the convection from the outer surface of the pipe is

% — hQ@mr)(T; = T,) = (3.0)(27)(0.025)(200 — 20) = 84.8 W/m

So. the addition of 3.17 cm (5.67 — 2.5) of insulation actually increases the heat transfer by
25 percent.

As an alternative, fiberglass having a thermal conductivity of 0.04 W/m-°C might be
employed as the insulation material. Then, the critical radius would be



k_ood 0.0133 1.33
ro=3=345 =0 m=1.33cm
Now, the value of the critical radius is less than the outside radius of the pipe (2.5 cm), so addition
of any fiberglass insulation would cause a decrease in the heat transfer. In a practical pipe insulation
problem, the total heat loss will also be mfluenced by radiation as well as convection from the
outer surface of the mnsulation.

2-7 | HEAT-SOURCE SYSTEMS

A number of interesting applications of the principles of heat transfer are concerned with
systems in which heat may be generated internally. Nuclear reactors are one example;
electrical conductors and chemically reacting systems are others. At this point we shall
confine our discussion to one-dimensional systems, or, more specifically, systems where
the temperature is a function of only one space coordinate.

Consider the plane wall with uniformly distributed heat sources shown in Figure 2-8. The
thickness of the wall in the x direction 1s 2., and it i1s assumed that the dimensions in
the other directions are sufficiently large that the heat flow may be considered as one-
dimensional. The heat generated per unit volume 1s ¢, and we assume that the thermal
conductivity does not vary with temperature. This situation might be produced in a practical
situation by passing a current through an electrically conducting material. From Chapter 1,

Figure 2-8 | Sketch illustrating
one-dimensional
conduction problem with
heat generation.

| _ ¢ = heat generated per
umit volume
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the differential equation that governs the heat flow is
+ " =0 [2-19]
For the boundary conditions we specify the temperatures on either side of the wall, 1.e.,
T=T, atx==%L [2-20]
The general solution to Equation (2-19) 1s
T=—%.V3+C1.\'+Cg [2-21]

Because the temperature must be the same on each side of the wall, C| must be zero. The
temperature at the midplane (x = 0) is denoted by 7y and from Equation (2-21)

To=C>
The temperature distribution is therefore
T—Ty= —%.\-3 [2-224]
or T o
-0 (l) [2-225]
T.—Ty \L

a parabolic distribution. An expression for the midplane temperature Ty may be obtained
through an energy balance. At steady-state conditions the total heat generated must equal
the heat lost at the faces. Thus

dT .
2(—kA —] ):qA 2L
dx |_r

where 4 1s the cross-sectional area of the plate. The temperature gradient at the wall is
obtained by differentiating Equation (2-22b):

a7 (T T)(zx) (T —To)
l’.!.\' .\'=f._ v 0 Lz ."=L_ b 0 L

Then
2
—k(Ty — Tp) Z :"}L
and
. bl
glL-
T{] = Y + Tu_: [2—23]

This same result could be obtained by substituting 7 =T, at x= L into Equation
(2-22a).
The equation for the temperature distribution could also be written in the alternative
form
Tr—T, X

=1-— 2-22¢
TO - Tu' Lz [ ]




2-8 | CYLINDER WITH HEAT SOURCES

Consider a cylinder of radius R with uniformly distributed heat sources and constant thermal
conductivity. If the cylinder is sufficiently long that the temperature may be considered a
function of radius only, the appropriate differential equation may be obtained by neglecting
the axial. azimuth, and time-dependent terms in Equation (1-35),

d*°T 1dT ¢

— 4+ —-—4+-=0 2-24

drr  rdr * k [ !
The boundary conditions are

T= Tﬂl atr=R

and heat generated equals heat lost at the surface:

3 {.;T-]
GrR*L = —k27RL J
r=R

ar

Since the temperature function must be continuous at the center of the cylinder, we could
specify that

dTr
— =0 atr=0
dr
owearvar it unll nat ha nacaccam: tanga thic canditian gcince 1t will ha catichad autamationlly
AAVIWY % Vil AL WV LAL LEVL LN lu..u\.a.:u.u_y ALF UO% LLLED WA LIVIEE D% B0 WYV L U DUUIOLIVG clUlVriliciiiveing
when the two boundary conditions are satisfied.

and note that

d*T N dT d ( dT\
r—+4+—=—\r—
drr  dr dr k dr

Then integration yields

dT  —qr-
— = c
ar - 2 O
and
— —(-ﬂ'- 1 ~
= + i inr+ G

From the second boundary condition above,
dT _—qR _—gR C
dr{,_p 2k 2 R

Thus
C1=0

We could also note that C; must be zero because at r = 0 the logarithm function becomes
infinite.
From the first boundary condition,
—gR?

T='TH=T+C: atr=R



so that
=T, + I
2= 1w Ak

The final solution for the temperature distribution is then

T—T,=-1(R2-
4k

)
To—T, R
where 7 is the temperature at » =0 and is given by
gR?
~ 4k

or, in dimensionless form,

To

+ Ty

It 1s left as an exercise to show that the temperature gradient at r =0 is zero.

[2-25b]

[2-26]

For a hollow cylinder with uniformly distributed heat sources the appropriate boundary

conditions would be
T=T, atr =r; (inside surface)
T=T, atr=r, (outside surface)

The general solution is still
-2
T=_(Z—k +CiInr+C;

Application of the new boundary conditions yields
q 2 r
T— ?},:E (r:=r*)+Ciln -

where the constant C 1s given by

2

Ti—=T,+q (7 —r))/4k
= In (ri/ro)

EXAMPLE 2-7 Heat Source with Convection

A current of 200 A is passed through a stainless-steel wire [k =19 W/m - °C] 3 mm in diameter.
The resistivity of the steel may be taken as 70 ;1€2 - em, and the length of the wire 1s | m. The
wire 1s submerged in a liquid at 110 °C and experiences a convection heat-transfer coefficient of
4k W/m? - °C. Calculate the center temperature of the wire.

B Solution
All the power generated n the wire must be dissipated by convection to the liquid:

P=PPR=g=hA(Ty—Tx) [a]

The resistance of the wire 1s calculated from

L (70 x 107%)(100
R=p L = UOX10 U0 _ 599
A 7(0.15)2

[2-27]

[2-28]



where p 1s the resistivity of the wire. The surface area of the wire 1s wdL, so from Equation (a),

(200)%(0.099) = 40007(3 x 10_31(11(%: — 110) =3960 W

and
Tw=215°C [419°F]

The heat generated per unit volume ¢ 1s calculated from
3
P=qgV=gnr°L

so that
3960

= _ __ =560.2 MW/m® [5.41 x 10’ Bru/h- ft’]
(1.5 x 1072)=(1)

q
Finally, the center temperature of the wire 1s calculated from Equation (2-26):

« 9 - - R s S I

qrg (2.002 x 1O )(1.>2x 10 )= _ 5 0 o
= T 215=231.6°C [449°F
ax T (4)(19) + ’ l .

Ty

2-9 CONDUCTION - CONVECTION SYSTEMS

The heat that is conducted through a body must frequently be removed (or
delivered) by some convection process. For example, the heat lost by conduction
through a furnace wall must be dissipated to the surroundings through convection.
In heat-exchanger applications a finned-tube arrangement might be used to remove
heat from a hot liquid. The heat transfer from the liquid to the finned tube is by
convection. The heat is conducted through the material and finally dissipated to the
surroundings by convection. Obviously, an analysis of combined conduction-
convection systemsis very important from a practical standpoint.

Consider the one-dimensional fin exposed to a surrounding fluid at a temperature
T. as shown in Figure 2-9. The temperature of the base of the fin is To. We
approach the problem by making an energy balance on an element of the fin of
thickness dx as shown in the figure. Thus:

Energy in left face=energy out right face+ energy lost by convection

L et the cross-sectional area of the fin be A and the perimeter be P. Then the energy
guantities are

_ o dT
Energy in left face = ¢, = —kA .
dx



. . dT
Energy out right face = gy4qr = —kA
dx | ...

dT  d*T
=—kA| —+ —5dx
dx-

dx

Energy lost by convection =h P dx (T — T)

Figure 2-9 | Sketch illustrating one-dimensional
conduction and convection through a
rectangular fin
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Hereit is noted that the differential surface areafor convection isthe product of the
perimeter of the fin P and the differentia length dx. When we combine the
guantities, the energy balance yields

T _hP o p o [2-304]
—_— — ~ )= - (1]
dx? kA >

Let 6 =T —T.. Then Equation (2-30a) becomes

d*0  hP
= 0=0 [2-305]
dx- kA

If welet m?=hP/kA, the general solution for Equation (2-30b) may be written

H — le)—J'H.\ + sz,m.\' [2_31]



In order to find the constants C1 and C2, we have to apply two boundary
conditions. One boundary conditionis:

0 =0p= TogTs at x=0

The other boundary condition depends on the physical situation. Several cases may
be considered:

CASE 1 Thefinisvery long, and the temperature at the end of thefinis
essentially that of the surrounding fluid.

For case 1 the boundary conditions are

0= 90 at x=0

=0 at x=o

And the solution becomes;

0 T'—Tx

= = M [2-32]
Ho To — T

CASE 2 Thefinisof finite length and loses heat by convection fromits end.
In this case the second boundary conditionis;

Qeonv = Jeond = - KA(dT/dx) atx =L

The solution for case 2 ismore involved algebraically, and theresult is;

I'— T _ coshm (L —x)+ (h/mk) sinhm (L — x)

= . [2-34]
T,— Ty coshmL + (h/mk) sinhm L

CASE 3 The end of thefin isinsulated so that

dT/dx= 0 at x= L.



For case 3 the boundary conditions are

=6 atx=0

df
— =0 atx=1L
dx
Thus
Bo=C1+C>

0=m(=Cre "t 4+ Cre™F)

Solving for the constants C; and C», we obtain

pal oM M
Ja) = 1 1 2m L + 1 2m L [2_33“]
70 1 T€ - 1T €
cosh [m(L — x)]
— [2-335]
coshmL
The hyperbolic functions are defined as
, {_,.\' _ (_;_.\' (_'-‘. + {)—.\'
sinhx = coshx= 5
sinhx e —e "
tanh x = =

coshx e'+e

All of the heat lost by the fin must be conducted into the base at x = 0. Using the
equations for the temperature distribution, we can compute the heat |oss from

An alternative method of integrating the convection heat loss could be used:
L L
qg= [ f?P(T—Tx)(f.Y:f hP6dx
J0O 0

In most cases, however, the first equation is easier to apply. For case 1,

qg=—kA (—mBoe™™ V) = h PkA 6, [2-35]



For case 3:

1 1
q=—kAbBym (l+t’_3’”L - 1+(,+2;:;L) [2-36]
=~ hPkAHytanh mL
The heat flow for case 2 is:
sinh m L+ (/ k shm L
= " PRA (To— Too) sinhm L + (h/mk) coshm (2.37]

coshmL + (h/mk)sinhmL

2-10 Fin efficiency

actual heat transferred

Fin efficiency = - =1y
y heat that would be transferred 1
if entire fin area were

at base temperature

For case 1, the fin efficiency;

_ VhpKA8, _ 1 i
~ T hpLe,  mL [2-38]

For case 3, the fin efficiency becomes

VhPkA6ytanhml  tanhmL
} afffe =
'f hPLOy mL

[2-39]

Influence of Thermal Conductivity on Fin

Temperature Profiles EXAMPLE 2.8

Compare the temperature distributions in a straight cylindrical rod having a diameter of 2 cm
and a length of 10 cm and exposed to a convection environment with s =25 W/m? . °C, for
three fin materials: copper [£ =385 W/m-°C]|, stainless steel [k=17 W/m-°C], and glass
[k =0.8 W/m - °C]. Also compare the relative heat flows and fin efficiencies.

H Solution

We have
hP _ (25)m(0.02) _ 5000

kA ™ km(0.01)2 Tk




The terms of interest are therefore

Material % m mlL
Copper 12.99 3.604 0.3604
Stainless steel 294.1 17.15 1.715
Glass 6250 79.06 7.906

These values may be inserted into Equation (2-33a) to calculate the temperatures at different
x locations along the rod, and the results are shown in Figure Example 2-8. We notice that the
glass behaves as a “very long” fin, and its behavior could be calculated from Equation (2-32). The
fin efficiencies are calculated from Equation (2-38) by using the corrected length approximation
of Equation (2-42). We have

I .f+d 1(1-1-2 10.5
=1L - = ] . cm
¢ 4 4

Figure Example 2-8

Lo — | Copper, k= 385 W/m = "C

!
h=25W/m’-°C
d=2ecm

0.8 \ L 10cmn

0.6 \
0 Stainless steel, k=17 W/m+ °C
s \

0.4 —
—

2 A [ 8 10
&, I

0.z

The parameters of interest for the heat-flow and efficiency comparisons are now tabulated as

Material hPkA ml .
Copper 0.190 0.3784
Stainless steel  0.0084 1.8008
Glass 3.9x 107* 8302

To compare the heat flows we could either caleulate the values from Equation (2-36) for a unit
value of ¢y or observe that the fin efficiency gives a relative heat-flow comparison because the
maximum heat transfer is the same for all three cases; i.e., we are dealing with the same fin size,
shape., and value of #. We thus calculate the values of 5 ¢ from Equation (2-38) and the above
values of m L.

g relative to

Material ny copper, %
Copper 0.955 100
Stamless steel  0.526  53.1
Glass 0.124 12.6

The temperature profiles in the accompanving figure can be somewhat misleading. The glass has
the steepest temperature gradient at the base, but its much lower value of & produces a lower
heat-transfer rate.




Straight Aluminum Fin EXAMPLE 2.9

An aluminum fin [k =200 W/m-°C] 3.0 mm thick and 7.5 cm long protrudes from a wall.
as in Figure 2-9. The base is maintained at 300°C, and the ambient temperature is 50°C with
h=10W/ m? - °C. Calculate the heat loss from the fin per unit depth of material.

B Solution

We may use the approximate method of solution by extending the fin a fictitious length #/2 and
then computing the heat transfer from a fin with insulated tip as given by Equation (2-36). We
have

Le=L+1/2=75+0.15=7.65 cm [3.01 in]

_[nP_Th@z+2071Y2 _ [2h
"N AT k| TV
when the fin depth 7 > 1. So,

[ (2)(10)

i/2
—} =5.774
(200)(3 x 10~3)

From Equation (2-36), for an insulated-tip fin

g = (tanhm L)~ h PkA 6y

For a 1 m depth
A=(1)(B x1073)=3 x 1073 m? [4.65 in?]
and

q=(5.774)(200)(3 x 10_3)(300 — 50) tanh [(5.774)(0.0765)]
359 W/m [373.5 Btu/h - ft]

Circumferential Alummum Fin EXAMPLE 2-10

Aluminum fins 1.5 cm wide and 1.0 mm thick are placed on a 2.5-cm-diameter tube to dissipate the
heat. The tube surface temperature is 170°, and the ambient-fluid temperature is 25°C. Calculate
the heat loss per fin for # = 130 W/m? - °C. Assume k =200 W/m - °C for aluminum.

B Solution
For this example we can compute the heat transfer by using the fin-efficiency curves in
Figure 2-12. The parameters needed are
Le=L+1/2=15+0.05=1.55cm
rp=2.5/2=125cm
rge=r1+Lc=125+155=2.80cm



rac/r; =2.80/1.25=2.24
Am =1(rae —r1) = (0.001)(2.8 — 1.25)(10%) = 1.55 x 10> m?

h\'? 130 1/2
Li? (—1) = (0.0155)3/2 [—] —0.396
kAp (200)(1.55 x 10—95)

From Figure 2-12. 5 y = 82 percent. The heat that would be transferred if the entire fin were at the
base temperature 1s (both sides of fin exchanging heat)

gmax — 271'(:‘%(. = r‘l?Jh(To —To)
=27(2.8% — 1.25%)(107)(130)(170 — 25)
=74.35 W [253.7 Btu/h]
The actual heat transfer 1s then the product of the heat flow and the fin efficiency:

¢act = (0.82)(74.35) = 60.97 W [208 Biu/h]

EXAMPLE 2-11 Rod with Heat Sources

Arod contaming uniform heat sources per unit volume ¢ 1s connected to two temperatures as shown
in Figure Example 2-11. The rod is also exposed to an environment with convection coefficient
and temperature Tng. Obtain an expression for the temperature distribution in the rod.

Figure Example 2-11
I, T,

\ h T,

q
gy —> @_ G+ar

e

H Solution

We first must make an energy balance on the element of the rod shown, similar to that used to
derive Equation (2-30). We have

Energy in left face + heat generated in element

= energy out right face + energy lost by convection

or
kA T 4 oA dy=—ka (1 dzrf\ hPdx (T —T.
—kA —— +gAdx=— \E+dx2c.\}+r X (T — Too)
Simplifying, we have
d’T hP q
—— (T—-T = =0 a
dx? kA( m)+k [a]



or, with # =T — Tag and m? =h P/ kA

0 5 g
- _mPe+i=0 b
T (2]

‘We can make a further vanable substitution as

0 =0— c}fkmz

so that our differential equation becomes

e’
—m-6 =0 c
2 [e]

which has the general solution
9! — Cl e—!?!)\' + C‘2 (,-'H,\' [d]

The two end temperatures are used to establish the boundary conditions:
6 =6] =T — Too — G/ km* =C1 4+ C3
0 =60, =Ty — Too — ¢/ km? = Cre™™L 4+ Cre™L

Solving for the constants C and C» gives

(9-1 eEm L _ 6‘; M L e mx 4 (Bf)em L _ er yelnx

’
2 e2mL [e]

For an infinitely long heat-generating fin with the left end maintained at 7j, the temperature
distribution becomes

9'}191 = e—!ﬂ,\' [f]

a relation similar to Equation (2-32) for a non-heat-generating fin.

B Mammant



PROBLEMS

2-1 A wall 2 cm thick is to be constructed from material that has an average thermal

2-2

2-3

24

2-5

I~
(=2

conductivity of 1.3 W/m - °C. The wall is to be insulated with material having an
average thermal conductivity of 0.35 W/m - °C, so that the heat loss per square meter
will not exceed 1830 W. Assuming that the inner and outer surface temperatures of
the insulated wall are 1300 and 30°C, calculate the thickness of insulation required.
A certain material 2.5 cm thick, with a cross-sectional area of 0.1 m?, has one side
maintained at 35°C and the other at 95°C. The temperature at the center plane of
the material 1s 62°C, and the heat flow through the material is 1 kW. Obtain an
expression for the thermal conductivity of the material as a function of temperature.
A composite wall 1s formed of a 2.5-cm copper plate, a 3.2-mm layer of asbestos, and
a5-cm layer of ﬁberglass The wall 1s subjected to an overall temperature difference
2 bant .i] —— un ¢ e s ol 2l OIIPO

o s R P _—
o1 JUU \. \. d.lLludlC uu: neat W pPel Ul aicd Unougln e coI lJU ie structure.

Find the heat transfer per unit area through the composite wall in Figure P2-4.
Assume one-dimensional heat flow.

Figure P2-4

ky=150 Wm:"C

kBZ 30
k=50 A4.=0.1m?
kp= 70 5
'"IB=AD q
A C
T=370°C .
NG D i
T=66°C

2.5¢cm —-| |<— 7.5 cm —-|45,0 cm-|

One side of a copper block 5 ¢cm thick 1s maintained at 250°C. The other side is
covered with a layer of fiberglass 2.5 cm thick. The outside of the fiberglass is main-
tained at 35°C, and the total heat flow through the copper-fiberglass combination is
52 kW. What is the area of the slab?

An outside wall for a buildine consists of a

Qulieing Consis

1 common brick ar
2.5-cm layer of fiberglass [k = 0.05 W/m - °C]. Calculate the heat flow through the
wall for a 25°C temperature differential.

0-cm layer of



