CHATMTER

MATHEMATICAL ANALYSIS OF
TWO-DIMENSIONAL HEAT CONDUCTION

For steady state with no heat generation, the Laplace equation applies.

L M T A
=0 [3-1]

dy= ay=

The solution to Equation (3-1) will give the temperature in a two-dimensional body
as a function of the two independent space coordinates x and y. Then the heat flow
in the x and y directions may be calculated from the Fourier equations
dl’
gy = —kAy— [3-2]
oy
dr
gy =—kA,— [3-3]
. ¥ By
Consider the rectangular plate shown in Figure 3-2. Three sides of the plate are
maintained at the constant temperature T1, and the upper side has some
temperature distribution impressed upon it. This distribution could be simply a
constant temperature or something more complex, such as a sine-wave distribution.
We shall consider both cases.
To solve Equation (3-1), the separation-of-variables method is used. The essential
point of this method is that the solution to the differential equation is assumed to
take a product form

T=XY where X=JX{(x)

Y="Yiy) [3-4]
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First consider the boundary conditions with a sine-wave temperature distribution
impressed on the upper edge of the plate. Thus

=T at y=10
=" atx =1
T=" atxy=Ww [3-3]

I'=tysin(7)+ 1 aty=H
Where, Tm is the amplitude of the sine function. Substituting Equation (3-4) in (3-
1) gives
_LEX_1dy
X dv: Y dv?
Observe that each side of Equation (3-6) is independent of the other because x and

y are independent variables. This requires that each side be equal to some constant.
We may thus obtain two ordinary differential equations in terms of this constant,

=\ [3-6]
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- =3y =0 [3-8]
dy=

Where, A* is called the separation constant. Its value must be determined from the
boundary conditions. Note that the form of the solution to Equations (3-7) and (3-
8) will depend on the sign of A%; a different form would also result if A* were zero.



The only way that the correct form can be determined is through an application of
the boundary conditions of the problem. So we shall first write down all possible
solutions and then see which one fits the problem under consideration.

For\*=0:

X=0C74+ChHx
Vol ra
=03+ 0) [o=!

F'=i{C +Cox)(C3+Cyy)

This function cannot fit the sine-function boundary condition, so the A* =0 solution
may be excluded.

For A< 0:
X= ff';:.t.f_:'"r — (:5:,)..1'
Y=C7;cos v+ Cysin Ay [3-10]

T =(Cs¢ ™" 4+ Cee™)(C7 cos iy + Cg sin ky)

Again, the sine-function boundary condition cannot be satisfied, so this solution is
excluded also.

For X > 0:
X=0Cq cos Ax 4 Cipsin ix
Y=Cpe ™ +Cppe™ . [3-11]
T=(Cycosix+ Crgpsin i) (Cre ™ + Crae™)

Now, it is possible to satistfy the sine-function boundary condition; so we shall
attempt to satisfy the other conditions. The algebra is somewhat easier to handle
when the substitution (0 =T — T)) is made.

The differential equation and the solution then retain the same form in the new
variable 6 , and we need only transform the boundary conditions. Thus

=10 at yv=0
0=0 at x =0 [3-12]
H=10 at y = W

TX

H=Ty,sm— atv=H
W

Applying these conditions, we have
0= (Cgeosix+ Cigsinix)(C + Cr2) [«]

0=ColCre “ +Crae™) 1h]



0=1(Cgcos AW+ Crgsin AWNHC e ™ + Crae™) [¢]

X 3 .
Ty 5101 W = (Cycosix+ Cppsin l.'.'}[fl]c'_'l‘hl + C-'_:t'}'H] |t'”

Accordingly;

Cii=-Cp

C9 =0
And from (c)

0=C1gC2 s A 'L'V{f.’}'-r —¢ ‘F'-\I}
This required that;
sin AW =0 [3-13]
Recall that A was an undetermined separation constant. Several values will
satisfy Equation (3-13), and these may be written
nir

o= — 3-14
= [3-14]

Where n is an integer. The solution to the differential equation may thus be written
as a sum of the solutions for each value of n. This is an infinite sum, so that the
final solution is the infinite series

oo
- .. hmx | nmy _
=T -T= Zl(.” i sinh W [3-15]
=
Where the constants have been combined and the exponential terms converted to
the hyperbolic function. The final boundary condition may now be applied:

T - Ny nmH
T sin — = C, sin —— sinh —
m 1:1:_. Z 1 1 11., 1_-’1

n=|

Which requires that Cn = 0 for n >1. The final solution is therefore
sinh(v/W)  smx
TR HW) sin ?] + T [3-16]
The temperature field for this problem is shown in Figure 3-2. Note that the heat-
flow lines are perpendicular to the isotherms.

T=T,



NUMERICAL METHOD OF ANALYSIS

Consider a two-dimensional body that is to be divided into equal increments in
both the x and y directions, as shown in Figure 3-5. The nodal points are
designated as shown, the m locations indicating the x increment and the n locations
indicating the y increment. We wish to establish the temperatures at any of these
nodal points within the body, using Equation (3-1) as a governing condition. Finite
differences are used to approximate differential increments in the temperature and
space coordinates; and the smaller we choose these finite increments, the more

closely the true temperature distribution will be approximated.

Figure 3-5 | Sketch
illustrating nomenclature used
in two-dimensional numerical
analysis of heat conduction.
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The temperature gradients may be written as follows:
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Thus the finite-difference approximation for Equation (3-1) becomes

T:l||+|.u I Tm—1.l|

(Ax)?
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We can also devise a fimte-difference scheme to take heat generation into account. We
merely add the term ¢/k into the general equation and obtain

Dnp 10+ Tn—1.0 — 2Tnn Twnt1+ Twn—1— 2T n + E —0
(Ax)? (Ay)? k
Then for a square grid in which Av= Ay,
gl Axy?
Tt + Tntn + Tiwng1 + Tnn1 + X — 4Ty n1 =0 [3-244a]

A very simple example is shown in Figure 3-6, and the four equations for nodes 1,
2, 3, and 4 would be

Figure 3-6 | Four-node problem.
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1004500+ T, +T; —4T;, =0
71 4+500+ 100+ T —4T, =0
1004+ T4+ Ty +100—4T5 =0
T34+ T4+ 1004100 —4Ty =0

These equations have the solution

T, =T>=250°C T: =T, =150°C

When the solid is exposed to some convection boundary condition, the
temperatures at the surface must be computed differently from the method given
above. Consider the boundary shown in Figure 3-7. The energy balance on node
(m, n) 1s

Town—Tuz Ax Ty, — Ax Ty = _
—_,f._ &}I [ m—1.n _ ;l_ m.n .I'Fl'.h"l']. _ J:l_ N n 1
Ax 2 Ay 2 Ay

— Jl.i' :'”\_1'1_ Tm_ﬁ- - T}...:'

If Ax = Ay, the boundary temperature 1s expressed in the equation

hAx it Ax [
T 2 +2) - 2 T = E‘.—?—;rr—l..’! + T.I.IJ..II+| + Tyn—1)=0 [3-25]
Equation (3-25) applies to a plane surface exposed to a convection boundary
condition. It will not apply for other situations, such as an insulated wall or a
corner exposed to a convection boundary condition.

Figure 3-7 | Nomenclature Jor nodal
equation with convective
Boundary condition,
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Consider the corner section shown in Figure 3-8. The energy balance for the corner
section is

AvTyp—Th- Ax Tyn— Twin— Ax Ay
X T = Tl S T = Tl 2 — Too) (T — Txo)
2 Ay 2 2

7 Ay

IfAx=Ay,

N foAx hAx - -
Ifm_,_.( I +1)-=2 i log = UWp—10 +dmn-1)=10 [3-20]

Figure 3-8 | Nomenclature for nodal
equation with convection at
a corner section.

J_ m=1n m.
T » | .
T Ay I
2 I
Ay —————:———— T
| |
|
» I ' YA
m=1 #n=1 ‘ Ax
_ | 2% .
2
-ﬂ—_.':l,.'.'—h-

Other boundary conditions may be treated in a similar fashion, and a convenient
summary of nodal equations is given in Table 3-2 for different geometrical and

boundary situations.
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Nine-Node Problem EXAMPLE 3.5

Consider the square of Figure Example 3-5. The left face is maintained at 100%C and the top face
al 500°C, while the other two [aces are exposed (o an environment at 100°C:

h=10W/m>.°C and k=10 W/m.°C
The block is | m square. Compute the temperature of the various nodes as indicated in

Figure Example 3-5 and the heat flows at the boundanes.

B Solution
The nodal equation for nodes 1, 2, 4, and 515

Tur+l,n T Tm—l.n + Tm.n+l o Tmirr—l — 4T n=0



The equation for nodes 3. 6, 7, and 8 is given by Equation (3-25), and the equation for 9 is given
bv Equation (3-26):

Fienre Example 3-5 | Nomenclature lor Example 3-5
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The equanions for nodes 3 and 6 are thus written
2hHh +Tg+567T—4.67T3 =0
254+ 134+ Ty +67—=4.6715=0
The equations for nodes 7 and 8 are given by
2+ g+ 167=4.6717 =0

P L T LT LAT A B87T =N
P T R e R Y I TAFIEE — W

and the equation for node 9 15

Te+Tg+67—2.67Tg=0

We thus have nine equations and nine unknown nodal temperatures. We shall discuss solution
techniques shortly, but for now we just list the answers:

Node  Temperature, °C

280.67
330.30
30938
192.38
231.15
217.19
157.70
184.71
175.62

2 on e e B o—
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The heart flows at the boundaries are computed in two ways: as conduction flows for the 100 and
S00°C faces and as convection flows for the other two faces, For the S00°C face, the heat flow
ifiio ihe face 15

g=Y" ka2l — o) [S{m — 280.67 4 500 — 330.30 4+ (500 — 309.33;[1—)]
Ay '

= 4843 4 W/m

The heat How oui of the 100°C face 15

AT -~ o _ :
q= Zi‘.ﬂ.r A =1_IGJ[23{J.{$.- — 100+ 192.38 — 100+ (157.70 — I{]U}(l)]
= 3019 W/im
1zht face 15 gmiven by the convection relation
q= ZI?Q}'[T— Tx)
= (10)(4)[309.38 — 100+ 217.19 — 100+ (175.62 — 100)( } ) |

IE:I

= 1214.6 W/m

Finally, the convection heat flow out the bottom face is
= z hAx(T —Tao)

— (10)(L)[ (100 = 100)( 1) + 157.70 = 100 + 184.71 — 100+ (175.62 — 100)( 1) |

ER AL \ I} J

%, -

= 600.7 W/m

The total heat fow out 1s

Jout = 3019 + 1214.6 4 600.7 = 4834.3 W/m

This compares favorably with the 4843 4 W/m conducted into the top face. A solution of this
example using the Excel spreadsheet format 1s given in Appendix D.

Solution Techniques

From the foregoing discussion we have seen that the numerical method is simply a
means of approximating a continuous temperature distribution with the finite nodal
elements. The more nodes taken, the closer the approximation; but, of course, more
equations mean more cumbersome solutions. Fortunately, computers and even
programmable calculators have the capability to obtain these solutions very
quickly. In practical problems the selection of a large number of nodes may be
unnecessary because of uncertainties in boundary conditions. For example, it is not



uncommon to have uncertainties in 7, the convection coefficient, of £15 to 20
percent. The nodal equations may be written as

anTy +aph + - + ap Iy =€)
anty + an?T> + --- = (>
ayn + -+ = (75 [3-27]

f"ulrl + {f‘,J:T_-_\- + e + “HHT;.I — C-!.l

where 1. T2, .. ., 1, are the unknown nodal temperatures. By using the matrix notation
-y i
app o diz e dig - T
ax ax; - - -
[Al=| an ICl=] IT|=
dpl g2 o0 gy
L Oy L g
Equation (3-27) can be expressed as
AT =IC] [3-28]

For example, the matrix notation for the system of Example 3-5 would be

- —4 1 0 1 0 0 0 0 0 9rhy] —6007
1 —4 1 0 1 0 0 0 0 15 —500
0 2 —4.67 0 0 1 0 0 0 15 —3567
1 0 0 —4 l 0 I 0 0 Ty =100
0 1 0 1 —4 1 0 1 0 T5 | = 0
{ () 1 0 2 —4.67 0O 0 i Ts —67
0 ] 0 2 0 0 —4.67 1 0 17 —167
0 0 0 0 2 0 1 —4.67 1 T3 —067

L 0 0 0 0 0 1 0 I 2671 LYiad L —67



CHAPTER

A

If a solid body is suddenly subjected to a change in environment, some time must
elapse before an equilibrium temperature condition will prevail in the body. We
refer to the equilibrium condition as the steady state and calculate the temperature
distribution and heat transfer by methods described in Chapters 2 and 3. In the
transient heating or cooling process that takes place in the interim period before
equilibrium is established, the analysis must be modified to take into account the
change in internal energy of the body with time, and the boundary conditions must
be adjusted to match the physical situation that is apparent in the unsteady-state
heat-transfer problem.

To analyze a transient heat-transfer problem, we could proceed by solving the
genera heat-conduction equation by the separation-of-variables method, similar to
the analytical treatment used for the two-dimensional steady-state problem.

The differential equation of one dimensional unsteady conductionis;

PT 10T
— = — [4-1]
ox= o 0T

LUMPED-HEAT-CAPACITY SYSTEM

We continue our discussion of transient heat conduction by analyzing systems that
may be considered uniform in temperature. This type of analysis is called the
lumped-heat-capacity method. Such systems are obvioudly idealized because a
temperature gradient must exist in a material if heat is to be conducted into or out
of the material.

If a hot steel ball were immersed in a cool pan of water, the lumped-heat-capacity
method of analysis might be used if we could justify an assumption of uniform ball
temperature during the cooling process. Clearly, the temperature distribution in the
ball would depend on the thermal conductivity of the ball material and the heat-
transfer conditions from the surface of the ball to the surrounding fluid (i.e., the
surface-convection heat transfer coefficient).We should obtain a reasonably
uniform temperature distribution in the ball if the resistance to heat transfer by



conduction were small compared with the convection resistance at the surface, so
that the major temperature gradient would occur through the fluid layer at the
surface. The lumped-heat-capacity anaysis, then, is one that assumes that the
internal resistance of the body is negligible in comparison with the externa
resistance. The convection heat loss from the body is evidenced as a decrease in
theinternal energy of the body, as shown in Figure 4-2. Thus,

IT
g=hA(T — Tog) = —cpV — [4-4]
dt

Where A isthe surface areafor convection and V isthe volume. The initia
condition is written

T=T, aat1=0

So that the solution to Equation (4-4) is

T - T*x; _ oV
X —e [hA/pcV]T [4_5]
To — T
Figure 4-2 | Nomenclature for single-lump heat-capacity
analysis.
dT
q=hd(T-T1)=—cpV ¢

/

We have aready noted that the lumped-capacity type of anaysis assumes a
uniform temperature distribution throughout the solid body and that the assumption
IS equivalent to saying that the surface-convection resistance is large compared
with the internal -conduction resistance.

Such an analysis may be expected to yield reasonable estimates within about 5
percent when the following condition is met:

h(V/A)
}'\,

<0.1 [4-6]



Where, k isthe thermal conductivity of the solid. If one considerstheratio V/A=s
as a characteristic dimension of the solid, the dimensionless group in Equation (4-
6) is called the Biot number:

hs ) .
— = Biot number = B1

Steel Ball Cooling in Air EXAMPLE 4-1

A steel ball [c =0.46 kl/kg-°C, k=35 W/m-°C] 5.0 cm in diameter and mitially at a uniform
temperature of 450°C is suddenly placed in a controlled environment in which the temperature
is maintained at 100°C. The convection heat-transfer coefficient is 10 W/m? - °C. Calculate the
time required for the ball to attain a temperature of 150°C.

B Solution
We anticipate that the lumped-capacity method will apply because of the low value of /i and high
value of . We can check by using Equation (4-6):

h(V/A) _ (10)[(4/3)7(0.025)°]
k7 4m(0.025)2(35)

=0.0023 < 0.1

so we may use Equation (4-5). We have
T=150°C p=7800kg/m’ [486 Ib,, /fi’]
Too = 100°C  h =10 W/m?.°C [1.76Btwh- ft - °F]
To =450°C ¢=460Jkg-°C [0.11 Btu/lb,, - °F]

m "

hA (10)47(0.025)? a4
= =3344x 1075
pcV  (7800)(460) (47/3)(0.025)3

IT=Too _ —~lnajpevie
TO - Toc
150 =100 3344510~
450 — 100
T=5819s=1.62h

TRANSIENT NUMERICAL METHOD

Consider atwo-dimensional body divided into increments as shown in Figure 4-19.
The subscript m denotes the x position, and the subscript n denotes the y position.
Within the solid body the differential equation that governsthe heat flow is

" PT  9°T T 424
ax2 + dy? — P [4-24]

Assuming constant properties, we recall from Chapter 3 that the second partial
derivatives may be approximated by
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a°T 1

”‘2 ~ (A‘)z (?:‘H-f—l.ﬂ + ?;H—.I.H - 2 ‘rn_”) [4'25]
2T ]
H_\‘3 ~ W(THLH—H + Twn—1—2Tm.n) [4-26]

The time derivative in Equation (4-24) is approximated by

. p+1 P
gm Tm.u _Tm.u

4-27
at AT [ |

Figure 4-19 | Nomenclature for numerical
solution of two-dimensional
unsteady-state conduction
problem.

m, n+ l

m—1,nlmn |m+1n L

— Ax ol Ax -

In this relation the superscripts designate the time increment. Combining the
relations above gives the difference equation equivalent to Equation (4-24)

lﬂ
T.-n—f—l,u

P _ P P P NP p+1 p
+7 2THLH i THHH—I +7, “Tf”-” l T.'H.H - THLH

m—1.n man—1 " R
= [4-28]

(Ax)?2 {A_\‘)2 o AT

Thus, if the temperatures of the various nodes are known at any particular time, the
temperatures after a time increment At may be calculated by writing an equation
like Equation (4-28) for each node and obtaining the values of Trﬁ'f,_:f. The
procedure may be repeated to obtain the distribution after any desired number of
time increments. If the increments of space coordinates are chosen such that



Ax =Ay the resulting equation for Tnﬁ:f becomes

—+1 a AT P P P p da AT ,
TH;LH - [A1)2 (Tm+l.u + Tm—l‘n + Tm,n+l + Tm.n—l) + |:1 T [A.‘C)3 Y;J!LH [4'29]

If the time and distance increments are conveniently chosen so that

(Ax)?
—4 [4-30]

oa AT

It is seen that the temperature of node (m, n) after atime increment is simply the
arithmetic average of the four surrounding nodal temperatures at the beginning of
the time increment. When a one-dimensional system is involved, the equation
becomes

TH*__aAr
m - 2
(Ax)~-

Iy [4-31]

20 At
(Ax)?

(?:L-I—l + TJL—I) + |:l -
And if the time and distance increments are chosen so that

(Ax)?
o AT

=2 [4-32]

The temperature of node m after the time increment is given as the arithmetic
average of the two adjacent nodal temperatures at the beginning of the time
increment

Example

Time Fluid Ty T, T3 Ta Fluid

constant | temperature temperature
°C °C

0 0 100 100 100 100 0

1 0 50 100 100 50 0

2 0 50 75 75 50 0

3 0 37.5 62.5 62.5 37.5 0

4 0 31.75 50 50 31.75 0




CHAPTER

The subject of convection heat transfer requires an energy balance along with an
analysis of the fluid dynamics of the problems concerned. Our discussion in this
chapter will first consider some of the simple relations of fluid dynamics and
boundary layer analysis that are important for a basic understanding of convection
heat transfer. Next, we shall impose an energy balance on the flow system and
determine the influence of the flow on the temperature gradients in the fluid.
Finally, having obtained knowledge of the temperature distribution, the heat-
transfer rate from a heated surface to a fluid that is forced over it may be
determined.

VISCOUS FLOW

Consider the flow over a flat plate as shown in Figures 5-1 and 5-2. Beginning at
the leading edge of the plate, a region develops where the influence of viscous
forces is felt. These viscous forces are described in terms of a shear stress t
between the fluid layers. If this stress is assumed to be proportional to the normal
velocity gradient, we have the defining equation for the viscosity,

du

T—fi— [5-1]
dy

The constant of proportionality u is called the dynamic viscosity. A typical set of
units is newton-seconds per square meter; however, many sets of units are used for
the viscosity, and care must be taken to select the proper group that will be
consistent with the formulation at hand. The region of flow that develops from the
leading edge of the plate in which the effects of viscosity are observed is called the
boundary layer. Some arbitrary point is used to designate the y position where the
boundary layer ends; this point is usually chosen as the y coordinate where the
velocity becomes 99 percent of the free-stream value. Initially, the boundary-layer
development is laminar, but at some critical distance from the leading edge,
depending on the flow field and fluid properties, small disturbances in the flow
begin to become amplified, and a transition process takes place until the flow



becomes turbulent. The turbulent-flow region may be pictured as a random
churning action with chunks of fluid moving to and fro in all directions.
The transition from laminar to turbulent flow occurs when

HeaoX PlagX _ :
— ~5x%10°

v I

Where

u,, = free-stream velocity, m/s

x = distance from leading edge, m
v = wp = kinematic viscosity, m*/s
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Figure -2 | Lamunar velocily profile
on a flat plate.

This particular grouping of terms is called the Reynolds number, and is
dimensionless if a consistent set of units is used for all the properties:

Re, — 2t [5-2]

v

Consider the flow in a tube as shown in Figure 5-3. A boundary layer develops at
the entrance, as shown. Eventually the boundary layer fills the entire tube, and the
flow 1s said to be fully developed. If the flow is laminar, a parabolic velocity
profile is experienced, as shown in Figure 5-3a. When the flow is turbulent, a
somewhat blunter profile is observed, as in Figure 5-35. In a tube, the Reynolds
number is again used as a criterion for laminar and turbulent flow. For the flow is



usually observed to be turbulent d is the tube diameter. Again, a range of Reynolds
numbers for transition may be observed, depending on the pipe roughness and

smoothness of the flow. The generally accepted range for transition is
2000 < Reyq <4000
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LAMINAR BOUNDARY LAYER ON A FLAT PLATE

Consider the elemental control volume shown in Figure 5-4. We derive the
equation of motion for the boundary layer by making a force-and-momentum
balance on this element.

To simplify the analysis we assume:

1. The fluid is incompressible and the flow is steady.

2. There are no pressure variations in the direction perpendicular to the plate.

3. The viscosity is constant.

4. Viscous-shear forces in the y direction are negligible.

We apply Newton’s second law of motion,

_ dimV),
D2 b=

dt

The above form of Newton’s second law of motion applies to a system of constant
mass. In fluid dynamics it is not usually convenient to work with elements of mass;
rather, we deal with elemental control volumes such as that shown in Figure 5-4,



where mass may flow in or out of the different sides of the volume, which is fixed
in space. For this system the force balance is then written

E F'. = inerease in momentum flux i x direction

Figrure 5-4 | Elemental conral volume tor toree balanee on lamner boundary layer.

| - i B —'I

i du Fu dp
p(ugetvat )=y -F [5-13]

This is the momentum equation of the laminar boundary layer with constant
properties.

The integral boundary-layer equation is

i i BT,
Je (o —dv=1y =1 —
dx fo dv |,

=0 [S -14]

If the velocity profile were known, the appropriate function could be inserted in
Equation (5-14) to obtain an expression for the boundary-layer thickness. For our
approximate analysis we first write down some conditions that the velocity
function must satisfy:



=~ at v=20 [a]

=l at v=2, [&]
it
— =10 at y=24 ¢
v ’ L]
e
— =1 at y=10 [ed]
dy=

The simplest function that we can choose to satisfy these conditions is a
polynomial with four arbitrary constants. Thus

u=0C+Cav+ '['."_-.:_‘.'3 + C_]._‘Ij

Applying the four conditions (a) to (d),

it v l('_*.')-
Moo 248 2 V4.

Apply this velocity profile in equation 5-14, yields

s=4.64 |25
Voo

Or in dimensionless form
5 4.64

_ 1/2
X RE{

Where

The exact solution of the boundary-layer equations as given in Appendix B yields

8 5.0

— 1,2

X RE:_'[



ENERGY EQUATION OF THE BOUNDARY LAYER

The foregoing analysis considered the fluid dynamics of a laminar-boundary-layer
flow system. We shall now develop the energy equation for this system and then
proceed to an integral method of solution.

Consider the elemental control volume shown in Figure 5-6. To simplify the
analysis we assume

1. Incompressible steady flow

2. Constant viscosity, thermal conductivity, and specific heat

3. Negligible heat conduction in the direction of flow (x direction), i.e.

Then, for the element shown, the energy balance may be written as;

Energy convected in left face + energy convected in bottom face + heat
conducted in bottom face + net viscous work done on element =energy

convected out right face+energy convected out top face + heat conducted out
top face

The convective and conduction energy quantities are indicated in Figure 5-6, and
the energy term for the viscous work may be derived as follows. The viscous work
may be computed as a product of the net viscous-shear force and the distance this
force moves in unit time. The viscous-shear force is the product of the shear-stress
and the area dx,

a7}
jt— dx
dy

And the distance through which it moves per unit time in respect to the elemental
control volume dx dy is

i
—dy
r'J'I'll'
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So that the net viscous energy delivered to the element is

i\
T (—) dxdy
Oy

Writing the energy balance corresponding to the quantities shown in Figure 5-6,
assuming unit depth in the z direction, and neglecting second-order differentials
yields

. -

A S PR 2T e\
0C |:H r,_ +v r. + 1 (E, . + I )} drdv=k r_: sy (r,:” ) didv
i ; oy

(3% dy iy oy =

Using the continuity relation

ot + it —0
de o dy -
And dividing by pe, gives

YAy A = TR T
wg v mar e+ () [5-22]
dy dy dyv=  pop \ dy



This is the energy equation of the laminar boundary layer. The left side represents
the net transport of energy into the control volume, and the right side represents the
sum of the net heat conducted out of the control volume and the net viscous work
done on the element. The viscous-work term is of importance only at high
velocities since its magnitude will be small compared with the other terms when
low-velocity flow is studied. This may be shown with an order-of-magnitude
analysis of the two terms on the right side of Equation (5-22). For this order-of-
magnitude analysis we might consider the velocity as having the order of the free-
stream velocity uoo and the y dimension of the order of 8. Thus

TRy T and Al

FTr T

W ™
iy 52

Il i )2 [T rr%‘:
pep \ dy P 52

Il the ratio ol these quantities 1s small, that 1s.

+

M Mg
pepa T

<1 [5-23]

Then the viscous dissipation is small in comparison with the conduction term. Let
us rearrange Equation (5-23) by introducing

pr= =l
o k

Where, Pr is called the Prandtl number, which we shall discuss later. Equation (5-

23) becomes

T _

Pr— « | [5-24]
':I.llj .f

As an example, consider the flow of air at

Hae = 700m/s T=20°C=293 K p=1atm
For these conditions ¢, = 1005 =J/kg - “C and Pr =10.7 so that

. e, _ (0.7 7=
cp T (1005)(293)

=0.012 1.0



This value indicating that the viscous dissipation is small for even this rather large
flow velocity of 70 m/s. Thus, for low-velocity incompressible flow, we have

5-15

+
[l
=
&
—
7]
t
i

There is a striking similarity between Equation (5-25) and the momentum equation
for constant pressure

i it a4 u

HW— 4+ v—=v—= [5-26]
|}_'L' rJ_'|' rJ_'|"'

The solution to the two equations will have exactly the same form when a = v.
Thus we should expect that the relative magnitudes of the thermal diffusivity and
kinematic viscosity would have an important influence on convection heat transfer
since these magnitudes relate the velocity distribution to the temperature
distribution. This is exactly the case, and we shall see the role that these parameters
play in the subsequent discussion.

THE THERMAL BOUNDARY LAYER

Consider the system shown in Figure 5-7. The temperature of the wall is T,,, the
temperature of the fluid outside the thermal boundary layer is T, and the thickness
of the thermal boundary layer is designated as &, . At the wall, the velocity is zero,
and the heat transfer into the fluid takes place by conduction. Thus the local heat
flux per unit area, 4" | is

] » a7 _
=g =—k |5-27]
A ¥ dvrall

From Newlon’s law of cooling [Equation (1-8)].

g" =h(T, — Ta) [5-28]

where /1 1s the convection heat-transfer coefficient. Combining these equations, we have
—k(IT/ 8¥ ) wan
-.Ir|_|' - .I‘I'_’JC

h [5-29]

So that we need only find the temperature gradient at the wall in order to evaluate
the heat-transfer coefficient. This means that we must obtain an expression for the



temperature distribution. To do this, an approach similar to that used in the
momentum analysis of the boundary layer is followed.
The conditions that the temperature distribution must satisfy are

T=T, at v=10 [«]
aT
=0 at v==#; 5]
iy

T=Tx al v=4 [c]

Figure 5-7 | Temperanue profile in the
thermal boundary laver.

_'l'f

qu/d—F

ay Ly

and by writing Fquation (5-25) at v = 0 with no viscous heating we find

=T

s

—0  aty=0 [d]

sinee the velocities must be zero at the wall.

Conditions () to () mav be fitted to a cubic polynomial as in the case of the velocity
profile, so that

é T —T, 3v oLy _

bro T~ Tw 28 2 (a-, ] 15-30]
Where 0 =T —T,,. There now remains the problem of finding an expression for 9y,
the thermal-boundary-layer thickness. This may be obtained by an integral analysis
of the energy equation for the boundary layer.
Consider the control volume bounded by the planes 1, 2, A-A, and the wall as
shown in Figure 5-8. It is assumed that the thermal boundary layer is thinner than
the hydrodynamic boundary layer, as shown. The wall temperature is Ty, the free-



stream temperature is T, and the heat given up to the fluid over the length dx is
dq.,. We wish to make the energy balance

Energy convected in + viscous work within element + heat transfer at wall =
energy convected out [5-31]

The energy convected in through plane 1 is

H
,ﬁ'{'fr [ ”Tl’.u!r:'l'
W

And the energy convected out through plane 2 is

H ) d H
p (f uTr.l"_r) + " [I.U:'l., [ uT.c."_'.') e
0 il Jo

The mass llow through plane .4-4 1s
;o H \

a "
( j o u’lr] dv
{1".1' i}

Figure 53-9 | Iydrodvoamic and thermal boundary lavers ona
flat plate. Heating starts at x = .

_ ~ | |

o
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and this carries with it an energy equal to
d H '
CplToc— ot dy | dx
dx J0 ;

The net viscous work done within the clement is

H 7 2
7 |:f (fll.j) n"_r:| dx
o A\dy



and the heat transfer at the wall 1s

AT 1

depy, = —k dx

r'i'l‘|.‘ J .

Combining these energy quantities according to lguation (5-31) and collecting terms gives

d [ I H ¢ du\* AT )
— (T — Thudv |+ — —) dy | = — |5-32]
“ll ¥ ) J .I|'.l ] f-'rl'l- ﬂrl'l.' W

., A

To calculate the heat transfer at the wall, we need to derive an expression for the
thermal boundary layer thickness that may be used in conjunction with Equations
(5-29) and (5-30) to determine the heat-transfer coefficient. For now, we neglect
the viscous-dissipation term; this term is very small unless the velocity of the flow
field becomes very large. The plate under consideration need not be heated over its
entire length. The situation that we shall analyze is shown in Figure 5-9, where the
hydrodynamic boundary layer develops from the leading edge of the plate, while
heating does not begin until x=x,. Inserting the temperature distribution Equation
(5-30) and the velocity distribution Equation (5-19) into Equation (5-32) and

neglecting the viscous-dissipation term, gives

d 1 drf .
— (fo =Ty |=— / (e — (ot ey
ax | S dr [

’ el i i v 1w ]3 2
= i-:\_'”f‘L “r.ll. .ll_'l - 2 r?.- o 2 {-. "-'r

AT :| RIi
= F¥ — —
0

av

Where 9 is the thermal boundary layer thickness

The integration result shows that

I e el I Al 72y L )
= T 10 [' ( p ) ] [5-36]
Where
"
Pr= [5-37]

o

has been introduced. The ratio v/a is called the Prandtl number after Ludwig
Prandtl, the German scientist who introduced the concepts of boundary-layer

theory.



When the plate is heated over the entire length, x, =0, and

By l
_'—,_f— l

py 13 5-38
F 1026 [5-38]

In the foregoing analysis the assumption was made that {<1. This assumption is
satisfactory for fluids having Prandtl numbers greater than about 0.7. Fortunately,
most gases and liquids fall within this category. Liquid metals are a notable
exception, however, since they have Prandtl numbers of the order of 0.01.

In the foregoing analysis the assumption was made that {<1. This assumption is
satisfactory for fluids having Prandtl numbers greater than about 0.7. Fortunately,
most gases and liquids fall within this category. Liquid metals are a notable
exception, however, since they have Prandtl numbers of the order of 0.01.

B 7 Ol

I'r=—= = 5-39
w  Kipe, k [ ]
Returning now to the analysis, we have
k(oT/owv, 3k 3k
h=————=-—=-— [5-40]
Tw — Tme 28 2&8

Substituting for the hydrodynamic-boundary-layer thickness from Equation (5-21)
and using Equation (5-36) gives

- R B VS
h, =0.332k pr'° LE:—T)I' [1 - (%)4} [5-41]

The equation may be nondimensionalized by multiplying both sides by x/k,
producing the dimensionless group on the left side,

I ex
Nu, = % [5-42]

called the Nusselt number after Wilhelm Nusselt, who made significant
contributions to the theory of convection heat transfer. Finally,

- 1/3
Nuy = 0.332P1/F Re! 2 [1 — (= } [5-43]
L

Or, for the plate heated over its entire length, xo = 0 and



Nu, =0.332Pr"/? Re!/? [5-44]

Equations (5-41), (5-43), and (5-44) express the local values of the heat-transfer
coefficient in terms of the distance from the leading edge of the plate and the fluid
properties. For the case where x, = 0 the average heat-transfer coefficient and
Nusselt number may be obtained by integrating over the length of the plate:

J"f' o dx
h== =20, |5-454]
Jo dx

For a plate where heating starts at x = x,, it can be shown that the average heat
transfer coefficient can be expressed as

hog—t _ 5, 1= Cro/LY* _
o 5-45b
Jri'_n._F_ L — X I .|

In this case, the total heat transfer for the plate would be

1 —(x I_,rL}._‘_-' 1
—op 1o [5-45b]
[y L —xy

Assuming the heated section is at the constant temperature T,,. For the plate heated
over the entire length,

— il -
Nup = f =2 Nu,—; | 5-46u]|
Or
T S ]
Nu; = s =0.664 Re, Pt [S-46b]
Where
Rep = pitsck

it

The foregoing analysis was based on the assumption that the fluid properties were
constant throughout the flow. When there is an appreciable variation between wall
and free-stream conditions, it is recommended that the properties be evaluated at



the so-called film temperature Ty, defined as the arithmetic mean between the wall
and free-stream temperature,

T =T
7 =t lo [5-47]
2
For the constant-heat-flux case it can be shown that the local Nusselt number is
given by

hx . 1,72 1/3
Nu, = =0453Rel/? py!” [5-48]
i

which may be expressed in terms of the wall heat flux and temperature difference
as

o ¥

Nuy=——
KTy —Tx)

[5-49]

The average temperature difference along the plate, for the constant-heat-flux
condition, may be obtained by performing the integration

T T = - /l;- Ty Tuydr= L [ 4%,

, — = — wo— Fme iy = — X

v te= ! e LSy kNu,'

JI'L.".I-';'. -
= ’ 1/2 = [3-30]
0.6795 Re,’~ Pr'/?
Or
_ 3
gy = fh =Ty — To)
lsothermal Flal Plale Healed Over Entre Lenglh FXAMPLE 5.4

Tor the How svsiem in Example 5-3 assume that the plate 15 heated over iis entire length 1o a

temperature of 6170 Calealate the hear transterred o (2) the first 20 em of the plate and (#) the
Lirst 40 cm of the plate.

B Solution

‘I'he total heat ransfer over a certam length of the plate 12 desined; 5o we wish to caleulate average
heat-transfer coefficients. For this purpose we use Kguatons (5-44) and (3-43), evaluatmg the
properiies al (he Olm lemperlure:

27+60

Y

=315 K [110.37F]

! -1

Troem Appendix A the properties aie
v=1736 x 107 m¥s  [L87 = 107 i)
= 02749 Wm0 L0159 Bruh -t )
Pr=0.7
cp= 1006 KT kg *C [0.24 Buu/lhy, - °F]



At v=20cm
e X (230025

Re, = —
T 17.36 % 10 ¢

fiox {1y
Nug =" =0.332Re /P! 3
x

=23.041

=0.332)23.4 1 0. = 4474
k (44 743002749,
e =Nu, ir—\i = 83, 7002749
Vot 0.2
=615 W/m*-°C  [L.083 Bu/h-fi* - °F]
Ihe averape value of the heat-rransfer coefficient 1s twice this value, or

h=(Di6.15=123 Wm~.°C [2.17 Bu/h. i - °F]

The heat flow 1s
F=HATw — Toc)

If we assinme unit depth in the 7 dircction,

a=12300.2060 —27) =81 18 W  [277 Btu/h)

Alx=40cm

HopX (2104
v 1736 x 10°%
Nu, =i0.332:046,082) 120,113 = 63,28

. (63:28)(0.02749)
i 04

h=(2)(4.349) =8 608 Wm®-°C  [1.53 Bu/h- (1% -°F]

Re, = — 46.082

= 4349 Wim® . °C

9= (X6URH0.4)60 — 271 = 1148 W 392 B /h)

EXAMPLE 5.5 Tlat Plate with Constant TTeat T'hax

AL OEW heater 15 constiucted of a glass plate with an electrically conducting film thar produces
a constant heal Qux. The plate 15 60 cm by 60 vm amd placed i an aicstream al 27°C, | aim with
o =3 m's. Caleulate the average temperature difference along the plate and the temperanre
difterence at the trailing odge

W Solufion
Properties should be svaluated st the film temperature. but we do not know the plate emperature.
So for an initial ealeulatinn, we ke the propertics at the free-sream conditions of

Tog =2770=300 K

1= e n— P T T L LTS a TERS . G
= v XN 1 _.'i =11 iy i = LPNIZLLS “!I.I:rl L
(ohs) 5
Rep=———— =18 %10’
15.6% « [0—2

From Eyuation (5507 (he averaee lemperalurs dillerence 1=

- LOK0E 032 100, 69 A0L02624
T =T = — L O0/IDS NO.6) /002624 e
BATHICLOT = 105 4200 Tom L5




Mo, we go back and evaluate properties at

Te= M = 147 C =420 K
and ohtiin
p=ihat e 0 S mis Pre0sRr &= IL0Es Wome o0
1 =%= 1.06 = 107
—r (1000, (0,62 ]i0.6) /0035 —

067050106 % 10510 68703
AL e emcd ol the plade (= { =006 m) the empensiore dillerence s ahianed frem Teuatins
(3-48) and (3-30) with the constant 435 to ove

(243 GILGTHE)

=38547C
0433

iTw—Thel=1L =

An alemate solution wortld be o base the Wussclt number on Equacan (5-517.

Plate with Unbeated Starting Length

Airat | aten and 300 K Aows across a 20emesguare plate ata frecstream velocity of 20 ms The
Tast halt of the plate s heated tooa constant temperanire of 350 B Caleulate the hear lost by the
plate.

B Solukinm
Farst wee evalnate the mr propertes an the film temperature
Ty=(Ty+Tx)2=325K
and obain
p=18.23 % 107 %m?s & =0.02814Wm.-°C Pr=07
A the traling edae ol the plave the eynolds number s
Ber =poul o= (200023 18,23 = 100 = 2,194 = 107
or, laminar flow over the ]HI‘I;:'I.I'I ol the P|:-|I|.~

Heating does not start until the last halt of the platz, or at a posion oy = 0.1 mo The local
hent-trans fer coefficient for this condition is given 11}' Tuation {541}

hy=0332k E:‘.I.'] 3 (it 1 12 [1—ixg ."-'-'.II"I'_Iﬁ] —13 lﬂ]
Insertmg the property valucs along with xg = 0.1 gives
h, =8 688313 0 177Rs 0T L -

The platz 15 0.2 m wide so the heat transter 15 obtaned by meegranng over the heatad length
xy e L
pi=il7
g = {0.2) T — T} Jf Had €]

drg — i1

Inscrting Feuaticn (01 in Egquation (¢ and performing the nwinerical infcgration gives
g = L DRAREA N 0ARAS 350 = 300 =421 W |ef]
The arverage value of the heat-wanster coetficient over rthe Reared lenprk 15 given by
=g Ty — T 1L — g )W =21 /0380 — 30000002 — 00102 =421 W& e S

where W is the width of the placc.

A e calealition san be made by applying Tguation {(5-43h) o determimne the aversge
heas imamsler cosllicient over the heated porizen of the plae. The sesuli s

N =4I5.66 ‘r‘ui."ml S0 and  g=425.66W

which indicarcs, of course, only a amall creor in the munerical integerarion.




THE RELATION BETWEEN FLUID FRICTION AND HEAT
TRANSFER

We have already seen that the temperature and flow fields are related. Now we
seek an expression whereby the frictional resistance may be directly related to heat
transfer.

The shear stress at the wall may be expressed in terms of a friction coefficient Cs :

5]
L P
Ty =C;—

[5-52]

Equation (5-52) is the defining equation for the friction coefficient. The shear
stress may also be calculated from the relation

r'}u:|
Ty =M —
.'J'_'L' "

Using the velocity distribution given by Equation (5-19), we have

3 Hlng flHeey 12
= (_’*) [5-53]

Combining Equations (5-52) and (5-53) leads to

Oy 3 ooy 1721 -
Jr _ il ( I J . =10.323 Ri:._l"'- 5-54]
2 2464 Moy . *

The exact solution of the boundary-layer equations yields

-

C i .
- =0.332Re; ' [5-54a]

Equation (5-44) may be rewritten in the following form:



Nu, _ I,

Re, Pr popina

=0.332 Pr *" Re, 1/?

The group on the left is called the Stanton number,

hy

St, = —
2 gl

So that

)

St, Pr'3 =0.332 Rel/” [5-35]

Upon comparing Equations (5-54) and (5-55), we note that the right sides are alike
except for a difference of about 3 percent in the constant, which is the result of the
approximate nature of the integral boundary-layer analysis. We recognize this

approximation and write

a i C 1
St, P23 =~/ [5-56]

Equation (5-56), called the Reynolds-Colburn analogy, expresses the relation
between fluid friction and heat transfer for laminar flow on a flat plate. The heat-
transfer coefficient thus could be determined by making measurements of the
frictional drag on a plate under conditions in which no heat transfer is involved.

EXAMPLE 5.8 Drag Foree on a Flat Plate

For the Now system m Example 54 compule the drag loree exerted on the Orst 40 cm ol the plae
wsing the analogy between Duid riction and heat manslen

W Solution
Wi nsc Equation {5-30) to compute the friction cocfficient and then caleulate the drag foree. An
average etion coctiicient 13 desired, so

— am Oy
BLPrs == [a]

The density at 316.5 K 15

fil 1132 = 107

e e — —1.115 kg /m®
# = RT T 128TH316.5) b

For the 40-cm length

h 2.608 -
= = - — =388 x 10 :
Acptag 1 TES NG E)

2]

Then frem Couation (o)

O -
2-’ =(3EEx 10 0 =306 < 107



‘Ihe average shear stress at the wall 15 computed from Equation (5-52):

Z
- Hog

T =L po—
=(3.06 % 107 )(1.1152)°
=10.0136 Nym*
The draw lotee 15 the product of this shear siress and ihe area,

D= (00136104 =544 wiN  [1.23 x 1073 Ib ]

The Bulk Temperature

In tube flow the convection heat-transfer coefficient is usually defined by

Local heat flux=g" = h(T,, — 1}) [5-101]

Where T,, is the wall temperature and T, is the so-called bulk temperature or
energy-average fluid temperature across the tube, which may be calculated from

j'{; p2mrdruc,T

Ty=T=" [5-102]

i“Fex - . . -
1o P2mrdr uey,

The reason for using the bulk temperature in the definition of heat-transfer
coefficients for tube flow may be explained as follows. In a tube flow there is no
easily discernible free stream condition as is present in the flow over a flat plate.
Even the centerline temperature T, is not easily expressed in terms of the inlet flow
variables and the heat transfer. At any x position, the temperature that is indicative
of the total energy of the flow is an integrated mass-energy average temperature
over the entire flow area. The numerator of Equation (5-102) represents the total
energy flow through the tube, and the denominator represents the product of mass
flow and specific heat integrated over the flow area. The bulk temperature is thus
representative of the total energy of the flow at the particular location.
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Table 5-2 | Summary ol equations for fow over [lat plates. Properties evaluated at Ty = (To + Toc )/ 2 unless otherwise 1

Flow regime

Restrictions

Equation

Equ

Heat transfer

Larmnar, local

Lo, local

Lamunar, local

Lamuinar, local

Lunniriay, averape
Lauinar. local

apmnar, local

Turbulent, local
Tuitulent. local
Turbrulent, local

Lapuiai-turbalant,

AYErage

Lapzmr-turbulent.

average

High-spoed flow

0.6 = Pro< 50

Re, Pr = 100

L6 = Pro< 50

X =g Rey =
0.6 = Pr =350

Ry = 5 x 10°

liquils, gr at Tac.
FERTRE. |y

T = comist,

a=hAair. T
g=aaldpg i

=revovery oo
=Prt/2 {laminar)
=Pl funbulent)

T =const, Bee = 5= 105,

T =const, Rey = 5 = 107,

g = const, Hey = 5 x 107,

&
gy = CONSL, Ree = 5w 107

Eep =35 x 10°, Tie = consi
Tio = comet, Rey = 5 107,
Pr =< 1 {liquid merals)

T = cimisl. starling al
5
Foa 107,

Ty = const, 5 % 107 < Bey = 107
Ty =const, 107 = Rey = 107

G = consl, 3 x W = Rey = 1w’
Ty = const, Rey = 107,

Ty = const, Rey = 1w’

1

e

=T — Taa) (T — Tag)

My,

N'u; -

Nuy =0.453 Rel/? prl 3

MNu, =

0.332 Prl3Rel?

= 12 3
03387 Rey'™ prl-

2137173
1+ (G.ME)"'
Pr

04637 Rea'” prll3

~ T
0207y
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EMPIRICAL RELATIONS FOR PIPE AND TUBE FLOW

For design and engineering purposes, empirical correlations are usually of greatest
practical utility. In this section we present some of the more important and useful
empirical relations and point out their limitations.

The Bulk Temperature

First let us give some further consideration to the bulk-temperature concept that is
important in all heat-transfer problems involving flow inside closed channels. In
Chapter 5 we noted that the bulk temperature represents energy average or “mixing
cup” conditions. Thus, for the tube flow depicted in Figure 6-1 the total energy
added can be expressed in terms of a bulk-temperature difference by

g=mcp(Tp, —Tp,) [6-1]

Provided cp is reasonably constant over the length. In some differential length dx
the heat added dq can be expressed either in terms of a bulk-temperature difference
or in terms of the heat-transfer coefficient.

Figure 6-1 | Tolal heal transler m lerms of
bulk-temperature dillerence.
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dg = :F:('I,JT;} = h(2ar)dx(T,, — T}) [6-2]



Where, T,, and T}, are the wall and bulk temperatures at the particular x location.
The total heat transfer can also be expressed as

Gg=hA(T, — Tp)av [6-3]

Where, A is the total surface area for heat transfer. Because both T,, and T} can
vary along the length of the tube, a suitable averaging process must be adopted for
use with Equation (6-3).

A traditional expression for calculation of heat transfer in fully developed turbulent
flow in smooth tubes is that recommended by Dittus and Boelter

Nu, = 0.023 Re,*Pr” [6-4a]

The properties in this equation are evaluated at the average fluid bulk temperature,
and the exponent n has the following values:

0.4 for heating of the fluid

"=10.3 for cooling of the fluid

We wish to generalize the results of these experiments by arriving at one empirical
equation that represents all the data. As described above, we may anticipate that
the heat-transfer data will be dependent on the Reynolds and Prandtl numbers. A
power function for each of these parameters is a simple type of relation to use, so
we assume

Nu,; = CRe,;"'Pr"
Where, C, m, and n are constants to be determined from the experimental data.

To take into account the property variations, Sieder and Tate [2] recommend the
following relation:

0.14
Nu, =0.027 Re"pr!/ ( H ) [6-5]
Hw

All properties are evaluated at bulk-temperature conditions, except p,, which is
evaluated at the wall temperature.

In the entrance region the flow is not developed, and Nusselt [3] recommended the
following equation:



5 d " I
Nug = 0.036 Re!y ' P!/’ (‘I) for 10 = — < 400 [6-6]

Where, L is the length of the tube and d is the tube diameter. The properties in
Equation (6-6) are evaluated at the mean bulk temperature.
If the channel through which the fluid flows is not of circular cross section, it is

recommended that the heat-transfer correlations be based on the hydraulic diameter
Dy, defined by

44
rj

Dy = [6-14]

Where, A is the cross-sectional area of the flow and P is the wetted perimeter. This
particular grouping of terms is used because it yields the value of the physical
diameter when applied to a circular cross section. The hydraulic diameter should
be used in calculating the Nusselt and Reynolds numbers.

Turbulent Heat Transfer in a Tube EXAMPLE 6-1

Adr at 2 atm and 200°C 1s heated as it flows through a tube with a diameter of 1 in (2.54 cm)
at a velocity of 10 m/'s. Calculate the heat transfer per umit length of tube 1f a constant-heat-flux
condition 15 mamtamed at the wall and the wall temperature 15 20°C above the air temperature, all
along the length of the tube. How much would the bulk temperature increase over a 3-m length ot
the tube?

B Solution

We first calculate the Revnolds number to determine if the flow is laminar or turbulent, and then
select the appropriate empirical correlation to calculate the heat transfer. The properties of air at a
bulk temperature of 200°C are

e a ma .,
_p o LoI2xi0) g e el
=== GRhaET) 1.493 kg/m [0.0932 Iby, /ft”]
Pr =10.681

n=257x10""kg/m-s  [0.0622 Iby /h-fi]
k=0.0386 W/m-°C  [0.0223 Btu/h- ft - °F]
cp=1.025kl/kg-°C
giigydd (L AS3 10 0.0254)
2.

Re,; = =
4= 57 % 1073

= 14,756

s0 that the [ow 15 wrbulent. We therelore use Equation (6-4a) w calculate the heat-transler
coefMcient.



Nug =~ - =0.023Rel® P! = (0.023)(14.756)*% (0.681) ™ = 42.67
k (0.0386)(42.67)
h=—Nug=- : = 64.85 Wm?-°C  [11.42 Bu/h- 2. °F]
d 0.0254

The heat flow per unit length 1s then

,i = hod(Ty — 1) = (64.85)7(0.0254)(20) = 103.5 W/m  |107.7 Buu/fi]

We can now make an energy balance to calculate the increase in bulk temperature in a 3.0-m length

ol tube:
q - )
g=mepAly=1. E

We also have

Hi = Pty = (1493 10T

2 (0,0254)2
4

—~7.565 % 107 ke/s  [0.0167 Iy, /s]

=0 that we insert the numerical values i the energy balance to obtan

(7.565 x 1073){1025) ATp=1{(3.00(103.5})

and

AT, =40.04°C  [104.07°F]

EXAMPLE 6.2 Heating of Water in Lammar Tube Flow

Water at 60°C enters a tube of 1-in (2. 54-cm) diameter at a mean fow velocity of 2 cm's. Calculate
the exit water temperature if the tube is 3.0 m long and the wall temperature is constant at 807 C.

M Solution
We [irst evaluate the Reynolds number at the inlet bulk temperature to determine the ow regime.
The properties of water at 60°C are

p =985 kg/m’ cp=4.18kI/kg-“C

w=471x10 " kg/m-s  [1.139 Ihy /h-fi]
k=0.651 W/m-°C Pr=3.02
_ pgd  (985)(0.02)(0.0254)

= 1062
4.71 x 104 :

Rey

so the flow 15 laminar, Caleulating the additional parameter, we have

g (1062)03.02)(0.0254)

Rl_‘nrljr—= =27.15 =10
L

2



s0 Equation (6-10) is applicable. We do not yet know the mean bulk temperature to evaluate
pmperties s0 we first make the calculation on the basis of 60°C, determine an exit bulk temperature,

s ana sl fh oo temes b clegodes nosaa e smesad oo e laas N I T | 1]t e ik e

dll'ul. lLI.I:JJ. Miare a Sedl UIJLI TEratioal lU AFLPRCELIL of LAV PI.'CleC VALlie, 'rl.' el et afid Ouliel CONnaitions
are designated with the subscripts 1 and 2, respectively, the energy balance becomes

Tp, + T,

g=hmdL (TU; 3

) =icy(Tp, — Tp, ) []

Al the wall temperature of B0PC we have

prw =3.55 x 10 g kg/im-s

From Equation (6-10)

1062)(3.02)(0.0254) 112 7471014
Nuﬁ:'[l.ﬁﬁj[{ )(3.82000% ’]} (—) —5.816
3 355
kN .6531)15.816 - =
p= DN _ (O65DOEI0) o ) wim?.2C [26.26 Bru/h- 2 - °F]
o 00254

The mass How rate 1s

. md? (983)(0.0254)7(0.02 »
m:PTq_ Wm = AL 1 L JZQ.QEEKIU " kg/s

Inserting the value for /i into Equation () along with s and 73, = 60°C and 1, = 807C mves
Tp, + 60
(149.1)(0.0254)(3.0) (Eﬂ - ”*T) =(9.982 % 107°)(4180)(T},, —60)  [B]

This equation can be solved to give
Ty, =71.98°C
Thus, we should go back and evaluate properties at
TLO98 4 60

T!}.meau = — 3 =66"C

We obtan
p=982kg/m>  c,=4185T/kg-°C  pu=436x 10" kg/m-s

k=0.656 Wm-"C Pr=2.78
(10621(4.71)

Rey=—— " _ 1147
4.36
el 11470 2.78)(0.0254
RePrT={ JE 002D _57.00
- = ]

36 {114
_ 1/3 - _ =
N'I.Iul = (1.86)(27.00) (ﬁ) = 5.743

(0.656)(3.743)

_ - — 14 e . ©
h= 0.0254 148.3 W/m=~-"C



We insert this value of /i back into Equation (a) to obtain

Tp, =T1.88°C  [161.4°F]

The iteration makes very little difference m this problem. If a large bulle-temperature difference
had been encountered. the change in properties could have had a larger effeet.



INTRODUCTION

Natural, or free, convection is observed as a result of the motion of the fluid due to
density changes arising from the heating process .A hot radiator used for heating a
room is one example of a practical device that transfers heat by free convection.
The movement of the fluid in free convection, whether it is a gas or a liquid, results
from the buoyancy forces imposed on the fluid when its density in the proximity of
the heat-transfer surface is decreased as a result of the heating process. The
buoyancy forces would not be present if the fluid were not acted upon by some
external force field such as gravity, although gravity is not the only type of force
field that can produce the free-convection currents; a fluid enclosed in a rotating
machine is acted upon by a centrifugal force field, and thus could experience free-
convection currents if one or more of the surfaces in contact with the fluid were
heated. The buoyancy forces that give rise to the free-convection currents are
called body forces.

FREE-CONVECTION HEAT TRANSFER ON AVERTICAL FLAT
PLATE

Consider the vertical flat plate shown in Figure 7-1. When the plate is heated, a
free convection boundary layer is formed, as shown. The velocity profile in this
boundary layer is quite unlike the velocity profile in a forced-convection boundary
layer. At the wall the velocity is zero because of the no-slip condition; it increases
to some maximum value and then decreases to zero at the edge of the boundary
layer since the “free-stream” conditions are at rest in the free-convection system.
The 1initial boundary-layer development is laminar; but at some distance from the
leading edge, depending on the fluid properties and the temperature difference
between wall and environment, turbulent eddies are formed, and transition to a
turbulent boundary layer begins. Farther up the plate the boundary layer may
become fully turbulent.

To analyze the heat-transfer problem, we must first obtain the differential equation
of motion for the boundary layer. For this purpose we choose the x coordinate
along the plate and the y coordinate perpendicular to the plate as in the analyses of
Chapter 5. The only new force that must be considered in the derivation is the
weight of the element of fluid.



Figure 7-1 | Boundary layen

. As before, we equate the sum of the external forces in the
on a vertical flat plate.

x direction to the change in momentum flux through the

X I control volume dx dy. There results
] ( it N i i N 2 71
: . N _ _
\,ll : f \” oy ' iy ) ity pETH é"!_'r: [7-1]
I"nh PR Where, the term —pg represents the weight force exerted
\ \\ /] on the element. The pressure gradient in the x direction
H (. results from the change in elevation up the plate. Thus
E O\
5 = ip
= H& 4 (s oo = Pmef [7-2]
= Y e dx
"\'*. A . . .
B! \ T In other words, the change in pressure over a height dx is
1 | equal to the weight per unit area of the fluid element.
E-,H Substituting Equation (7-2) into Equation (7-1) gives
IIII ;o o o2
T | it ot . =i
= plu—+v—)=gipx—p)+i— [7-3]
| . dx dy oy
= \ The density difference p,, - p may be expressed in terms
3 \ of the volume coefficient of expansion B, defined by
'1.1. f= | (&'J 'L-’) 1 V — Vg P
Hxx Tvl\ar ), T Ve T-T (T - Ta)
‘H So that
k!
k!
L
o BT PFu
Je f:T—I—r.]1 ):gpﬁ[]"—]r.xj—l—u. - [7-4]
iy dy dy<

This 1s the equation of motion for the free-convection boundary layer. Notice that
the solution for the velocity profile demands knowledge of the temperature
distribution. The energy equation for the free-convection system is the same as that
for a forced-convection system at low velocity:

a4

daT aT a=T
pCp ”T +v— | =k [7-5]

P |
X r}_‘l.‘ e'j_‘l.“'




The volume coefficient of expansion B may be determined from tables of
properties for the specific fluid. For ideal gases it may be calculated from

|
b= 7

Where, T is the absolute temperature of the gas.

EMPIRICAL RELATIONS FOR FREE CONVECTION

Over the years it has been found that average free-convection heat-transfer
coefficients can be represented in the following functional form for a variety of
circumstances:

Nu; =C(Gry Pry)"” [7-25]
The Prandtl number Pr =v/a has been introduced in the above expressions along
with a new dimensionless group called the Grashof number Gr.

Where, the subscript f indicates that the properties in the dimensionless groups are
evaluated at the film temperature

Too + Tu
T_;'Z :x,;" i

The product of the Grashof and Prandtl numbers is called the Rayleigh number:
Ra=0Gr Pr [7-26]

The Grashof number may be interpreted physically as a dimensionless group
representing the ratio of the buoyancy forces to the viscous forces in the free-
convection flow system. It has a role similar to that played by the Reynolds
number in forced-convection systems and is the primary variable used as a
criterion for transition from laminar to turbulent boundary layer flow. For air in
free convection on a vertical flat plate, the critical Grashof number is
approximately 4x10°. Values ranging between 10° and 10° may be observed for
different fluids and environment “turbulence levels.”

Characteristic Dimensions
The characteristic dimension to be used in the Nusselt and Grashof numbers
depends on the geometry of the problem.

e For a vertical plate it is the height of the plate L.

e For a horizontal cylinder it is the diameter d.

e For a vertical cylinder it is the height of the cylinder L.



For horizontal:

It is the side of square plate (a).

It is the mean of the two dimensions for a rectangular plate ((a+b) / 2)

It is the (0.9d) for a circular disk.

It is the (A/P) for unsymmetrical plan forms (where A is the area and P is
the perimeter of the surface).
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