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Fourier series
Definition

The series

2%}

flx) = % ag + Z a, cos( ) + b, sin (mlrx)

n=1
pr
Si the Fourier series of fon ( -L , L ) when the constant are chosen tobe the

Fourier coefficient of “/™“on (-L , L)

Where <?— ‘

»

L
1 nmwx
an=z ff(x)cos(T)dx for n=0,1,2

‘L

ff(x) sin T) d:c(
A
ol

O

N

L
=% ff(x)dx
-L

&
Example _&
'/

Let f(xY/— x for =t < x < . we will write the Fourier series of “f” on [ -w, «]
. the coefﬂCIen)t are

”
A

9

-1

1
tp = — fxcos(nx)dx

-1

1 X
= [ﬁ cos(nx) + Esm(nx)]’fﬂ =0




[
1
=— fxsin(nx)dx
/s

-7

X
[nzn sin(nx) — cos(nx)]%,

= —Ecos(mr) == (=t

Since cos (nm) = (-1)"if n is an integer . the fourier series of *x"on [ -m , m

) 2 1 20 QY
Z - (=)™ sin(nx) = 2sin(x) — sin(2x) + gsin(Bx) - Esin(4x) + gs{n(gx)

n=1

Example

Find the fourier series of the periodic function

1 0<t<1
f(x){o 1<t<?2

Solution

d=0

2p=2

2

%:% f FO)dt =% ff(t) dt = fl(l)dt+ f(O)dt
a 0 0 1

=t|§ =1 ap=1
d+2p

1 J £00) nmt dt
a, =— cos—
" pJ P

1 2
1 nmt mt
= —j(l) cos—dt + j(O) cos—dt
L) P / P

1 . 1
=—sinnnt |(+0=—sinnt—-0=0
nm nm




‘ Always sin (n m

a, =0

1
bn=5 f(l)sinnnt+ fOsinnﬂtdt
0 1

1
b, = ——cosnnt |§ = ——cosnm + —cos 0
nm nm nm

1 ”
= — 1—
nn( cosnm) G—'

»

1
by =—(1—cosnm) = 2/71‘. -

=— N,Y

1
2 Zn( cosn

1 2

T3 3n

Y
b; =—(1 440527'[) =—
e 4

1 — cos4m) =
b, 471( cos4m) =0

The fourier series become .

(t—liz' £+ 04— sin3mt + 0 + —sin 5t
f )%2 —sinm 3, Sin3m c-sin5m

fi(t)
1k

4 0 T
1 1 1

Qo =— jf(t)dt=— j(—x)dx+;]xdx=n
-1 -1 0
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T

T 0
a, = % ff(x) cos(nx)dx = l f(—x) cos(nx) dx + f x cos(nx) dx

T
0

Integral by partial we get a, =0if n=evenanda, = —ﬁ if n = odd

2

0 T
1 1
b, = p- f(—x)sin (nx)dx + p- f(x) sinnx dx
-7 0

b, =0
Fourier series will be
1 (22}
u
@ =gmt Y o
n=odd

Example

letf(X) =xfor -m<x<m

1 (x2|"
Ao ==;; J~X7dlf==;; 72' =0
-1

—T
10 10
nmx
n = — fxcos (T) dx = p- fxcos(nx)dx
-1

-1

1 X
=[— +—si =0
[nzncos(nx) nnsm(nx)] -

T T
1 nmwx 1
b, = — f X COS (—) xd =— f x cos(nx)dx
T T T
-7

-1




ya ya

1 nmx 1
b, = — fxsin (—) xd = — fxsin(nx)dx
T T T

-1 -7

Fourier series will be A~

=L x n
= [nzn sin(nx) + — cos(nx)]%,

;

[22)
2 2 1 /R
z - (—1)™*1sin(nx) = 2 sin(x) — sin(2x) + §sin(3x) — Esin(ﬁb{) +
n=1 & )

Example “
Let

for |« period »

0
f i

Solution

L=3

X Cos(nnx) ]3
nm 3 0




The Fourier series

oo

3 3 nmwx 3 nmwx

— —1\yn — - (1 yn+1 o;

4+ Zlnznz[( 1) 1]cos( 3 )+n1r( 1) sm(—3 )
n=

Example
Let

f(x)= e™* for —2 <x <2 find fourier series

+2
1

1
@ =3 f e *dx = g(e8 —e™8)
s d

I

7
#

—4x n
e~ cos (—==)dx

2

3
— _1 n+1
— (=D

Tr)sFouFier series will be

oo

3 3 nmwx 3 nmwx

_ _1\n _ (1 \n+1 o;

2t Z(nzﬂz [ (=1)"® — 1] cos (—3 )+mr( 1) sm(—3 )
n=




Even and odd function

Even Function

f is an even function on [-L , L ]if f(-x) = f(x) for -L<x <L

<o

Odd Function @
fis an odd function on [-L, L] if f(-x) = -f(x) -L<x <L 1 @
A

1‘
AN /)

Fig (4) Odd function symmetric through

the origin




If the function is even then

/2 /2

f f(x)dx = 20-[ f(x)dx

—-1t/2
While if is odd then

/2

J f(x)dx =0

—-1/2

Also even function

277.'
a0=;ff(x) dx
0

a, = %f f(x) cos(nx)dx
0

) 4
Then the function will be X

4
f(x) '3 + a, cos(nx)
£5)
\O a, =0 a,=0

4

< b, = % ff(x) sin(nx)dx

7 o
Q4 f(x) =jbn sinnx
) 5

Symmetric a bout the origin




Example

Find the fourier series of the function of the

f(x)

Solution

Its an odd-function

w
a,=0 and a,=0""

) 4
j Fx) sin()ax
>

n
2

—% fl)sm(nxﬁc+ stm(nx)dx]

0
2

| 7
= —pl cos (nx)]0 + [——cos(nx)]n

/

Y 2 4 2 nm
§ =———COSNT +—CoS—-
. Tn mn 2

% b = (1= 2(=1)" 4 = cos "
v "_rm( m %2

co

~flx) = 2% [1-2(-D)"+ cos%] sin(nx)

1
Example
Find fourier series of the function

ro{7)

The function is odd then




by == f; hsin(nt)dt = = [—hcos(nt)]]

T

b, =0 forevevalueofn
by,

=§§[—1(—1Yﬂ{

4h
=— for odd value of n

f(x) = £F=sin(nt)

Example

Let f(x) = x* on[-1,1] find Fourier series

Solution

f(x) = x* is an even function because f(-x) = f (x) ( /.e. example

f(-3) = f (3) on so on ) then b, = 0

o
1

1 P 4
ap = x4dx=2fx4co nmx)dx
¢ . 8n’n? — 6
a, = 2 f x* cos(nrrx)‘}rx i (="
0 P y
- the Fourier series

y }‘
1 f?nznz—6
— JA - _1n
5+ 8 g (—=1)™ cos(nmx)

ln=1

<
%

Y 5
f(x) = x°for —4<x<4
X/

o
A
Soluaon

f) = x%odd - a,=0(f(—x) = —f(x))
4
b, = % f x3 sin (?) dx
4

nmx
T) dx = (-1 128n?n? —6/n3n3




The Fourier series will be

= 128 n%w% — 6
n-m- — nmx
_1\n+1 :
Z( 1) n3ns sm( 4 )
n=1

Conclusion

Even Function

Fourier series will be

0Odd Function

Fourier series will be

A

o

8 z b, sin (nLﬂ)

N n=1

Aby= %f f(x) sin (”Lﬂ) dx
0
7

Example Fe 2
Find the Fourier series if f(x) = X2 0 < x < 2

f(t)
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L
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.Q
—4 e o

*
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Neither even nor odd

Period=2L=2nr +L=mw




1
a, = E,f x? cos(nx)dx
0

- cosnx —sinnx
+2

The Fourier series will be

x? sin(nx)dx

cos nx sin nx o 4 -
2x — 2 +2 - 3 ]0%‘n2 n#0

1 21 B ~
b, = ;f x?sin(nx)dx

0
coinx) _ oy (_(s\lrryl;%'_l_ ) (COTSl3TlX)](2),r _ _4777

)(‘/

_ oM N A A
flx) = xw+ Z(ﬁcos x—?smnx)
A’ n=1
V.4
f

S

Y

0dd e— f(-Xx) =-f(X)

2 0<x<3
f&ﬂ—z —3<x<0
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7

period = 10

period = 2w
0<x<10%

O0<x<m
T<x<2mw
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o
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o
c
Z
m
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<
=
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CcoSsx
0
«C” EVEN b f (-x) = f (X)

Feo{
f() = x(10 - x)




Half Range Expansions

Half range fourier series if function f (x) is defined only in the half fourier interval
(0 m ) the equation of such function can be problem into other half of period (-7 0)

infinite way .

a) An odd
b) An even
¢) Neither odd nor even

Example
Give f(x) = x intheinterval 0 wemp 7 O<x<m

a) Find the Fourier series an a even function ( cos function) /2_ 4
b) Find the Fourier series an odd function (sin function) \

a- Even function b, =0

2 A
a, = Ef x cos(nx) dx ,— integration by parts

0 A

U= xmm du=dx \/s?

N

dv = cos (nx) dx "—
<2k 1[0
p (sin(nx))§ _Ef sin(nx)dx
o 2
e E X (nx) — X 0+ i n
/ - { — sin(nx) — —sin } {nz cos(nx)}y

1 .
—sin (nx)

A

1

2 (cos(nx) — cos(0)

2
p— (=)™ = 1) > for even value

4
I for odd value

(2%

s f(x) =g— Z cosz—f

1,2,3




b — odd function a, =0 a, =0

3

2
b, = ;f x sin(nx)dx — integralion by parts
0

u=x - du=dx

dv = sin(nx)dx —» v = —Ecos(nx)

2 x 1
—[—=cos(nx)]§ +— fcos(nxO dx
T on n

0

= %[—%cos(nx} + Ocos(O)] +7%[% sin (r@-ﬁ i

e d

—[ —m cos nr]
n Y

4

2 2 de
) _nfﬂro

2 /N

= —— for even
&
2
a %rncos(nn)

%, 4
nmw o .
flx)=-2 Zc057 (sin(nx))
K "
Example '
Find the:sine and the cosine half range series of the function series

(/ fx)=x* 0<x<m

»

A
AjEven function b,, =0

ap =2 fonf(x)dx=%fgrx2dx
2

T

=Z7x2
3

a, = %fonf(x) cosx dx = %foﬂxz cos(nx)dx

4 4
~cos(nx) = = (-1D*

a, = —
n n

o flx) = %nz + %Z(—l)” cos (nx)
1




b. Odd function a,=0 ay;=0

Solved Examples
The formula for a Fourier series on an interval [c,c+T] is:

Qﬂ'ﬂ'j’:)}
T

Example (1)

Find the Fourier series for |5"|, —T < x <.

y
Following the rules from the link above, X
v

f[:r)— 2 | Z (@, cos(nz) + by, sin(nzx))

n=1
N>

| 2 [
—f |$|d3:=—f3:d3:=17
T Jox T Jo

3

<
1 2 (7
—f |z| cos(nx) dr = —f xcos(nx)dx
-7 0

m o m

zsin(nz)]” / sm(n:r:)df 2 |cos(nzx) T
n 0 o n VAR n? |,

I

-t 2 2((=)"-1)

mn? n?

1 0 1 g
—/ —x sin{nx) dz 4 —f xsin(nz) dr

w0

fﬂ |z|sin(nzx) dx =

—T m

0 0 . iy -
_ 1 [ j:cos[naz)] _f cos(nzx) d;r] | 1 :r:cos[na:)] | f cos(nx) da‘]
m B n g 0

n — n n
m




f

i —1 cos(nzx) = 2 i

CrZ nr 1y

( - (3)|1 (52) + ..
— (cosx + = cos(3x — cos(Hx
T 9 25 a"
"

0 —m<x<),
10-—:‘:3‘-::?1'

Example (2)

Find the Fourier series for . J (5") =

f[:r)— 2 | Zl a, cos(nx) + b, sin{nx))

1

'
ay — — Dd:rl—/ld:r 1

md—m

1 } 1 T 1
:_f Odzx 4 —f cos(nz)dr = —
- mJo T
~
FOURIER SERIES KS
ok
1 '[]'/} 1 T 1)n
= | 0dx+ —f sin(nz)dr = Ml _—=D" |
S w0 T 0 P
J
f(:?‘)—l | i 2 sin((2n + 1)z)
72 m(2n+ 1) ’

n=l




1 2 | 1,
=5t (sm( ) 4 = sin(3z) 4 55111(53:) | )

3
Example (3)
Find the Fourier series for J (%) = 1 + Zon [—7, 7] ’:
L
The general Fourier series on [_L: L]is: ’:
kmx kmx
[::*‘)——IZr:.:;i cos( L)|nglﬂ( —) )
k=1 a—
1 L P
=—f f(z)cos( E)dﬂ‘ n=0,1,2.. [
LJ L ¥
\ P
bn—lfo[)'ﬂFT)d;r _1.2.3,.
=7/, x) sin( n
/ -
The n = 0 case is not needed since the inte&and in the formula for bois Sin(0),
y

In the present problem, f .
. lfﬂ[l ) ms(mm:)dx 1 ( (1 x)sin[ngz)r _f:rr (1+x) ::Eos(n:r:) "

v g T T n . —x n _

4

But since the right hap{ side is not defined if 7 = 0, the 0 index for a will have to be
calculated seperately.

- 0/ 1 |
— | (Q+a)de = = 2} =2
N/
L Ll .7 cos(na)
by = — 14z )de = — | ——[(1+x g — —ar
- _?T[ tx) sin(nz) - ( - [(1+ z) cos(nz)]”, A )

Z%(_%(l b — 1+ 7)cos(nz) 4

sin(m)r ) B z(+)n+l

n2

So the Fourier series is

-1 n+1
) sin(nx)

flz)=1+z~1+ Z

for [_ﬂ-n TT]

20



Example (4) Find the Fourier series for

1 -1 <ax<0
1 _
3 xr = D

T 0<z <1 g [-1,1]

The general Fourier series on [_L1 L]is:

:r)— | Zﬂ,g cos(— L ) -+ by, sm(k%

nmwxy

Lf f(z)cos( —)d:r n=0,1,2 ..
1 . nTx G—
=Ef_Lf[3:)sm —)da‘ n=123,.

y’

In the present problem, N, -
1 0 o 1
a, = f f(z)cos(nmzx) dx = / flz)cos(nmz) dx f f(x)cos(nmzx) dx
-1 -1 0

0 1 )

=/ cos(nmx) dx f zcos(nmz) dz

N 0 ﬂ ALY 1
sin(mr:r:)] aE sin(nmx) cos(nm:)]

nw 1 0

nw n2m?

_ cos(nm) =1 (&—1)“ -1

n2m2 L
Y

n=123,..

4L
1 1] 1
%=ljwﬂ=_jwﬂlﬁﬂﬂﬂ

2 1 3
=fd3:|f:r:d3:=—
-1 0 2

1 _ 0 _ 1 _
by = f_l flz)sin(nrz) dx = B flz)sin(nrzx) dx A f(x)sin(nmzx) dx

) 1
= f sin(nmx) dzr f z sin(nmzr) dr
-1 0




cos[nm:)r | x cos(nmwx)  sin{nmwz) !
-1

nmw n2 2 0

So the Fourier series is:

IZ (=1)" —1 1

cos(nmr) — — sl .
2 T ( ) — sin(nmzr)

2

m
Setting x = 0 gives E

Example (5) Find the Fourier series for

f(:v)={_1 et

boU=os9 50039

2- 2(—1)*
a kmw

Sk Dr ©T

So the Fourier series is:

k=1,23,..



x 4 . ((2k+ )7z
E ———sin | ————
o (2k+ 1)m ( 3 )

Example (6) Find the Fourier series for

f(z) = 2%on -7, 7]

The general Fourier series on [_L: L]is:

nmwxr

1 L
=Ef f(x)sin( —)da‘ n=123,.
—L
In the present problem, L = 7

a = ! f_: 2% cos(kx) dz = 3

1, 1., o
Cdr = —[z2°]7, =
?T-[—?T-T STT[T ]:?T 3

4

™
1

;] xgsin(k:r:)d:?:=0 k=1,2,3,..

So the Fourier seri&,vs:
;f‘
1)“

AP

cos(kx)
on [_ﬂ-! ﬂ-]

Example (7) Find the Fourier series for a function
flz) = flz+2),f(z) = (z = 1)(z = 3)on [1,3],

Make the change of variables z = x — 2.

Now, look for the Fourier series of the function
(z+ )(z=1)on -1 <2< 1

Fz42)= f(z4+4), f(z+2) =




flz) =21 Z ay, cos(kmz) + by, sin(kmx)
k=1

4(—-1)*

ap = f_l[z F1)(z— 1) cos(km(z +2))dz = g

aﬂzf_ll[z F1)(z—1)dz = _T‘i

by =f_11(z F1)(2 — 1) sin(kn(z + 2)) dz —
since f(2) = flx —2) = f(i??),

f

f(z | i :cos (kmx)

;i_
Example (8)

Find the Fourier series for /() = Zon [0, 1], /7
y
A general formula for the Fourier series of a“function on an interval [&; € + Tis:

LY
flz) =2 Zancos(z?r) | bﬂsin(zir?x)

n=1
R, 7

2nm
Tf :r)cos( 7 )d:r

2nmx
Tf :r)sm( T ) dr

In the currer\rf/broblem, c=0and T = 1.

flz)=—+ Z%cosﬁnm* + by, sin 2nmx

n=1

The function J (%) = Zis odd, so the cosine coefficients will all equal zero.
Nevertheless, @ishould still be calculated separately.

1
aﬂ=2/ rdr =1
0

1
b, = 2] xsin(2nwx) dx
0




_ 9 [—3’3 EGSQ’R'}TLE}l | fl cos?nm:dx
2nm 0 0 nmw

-1 sin 2nmz]’ !
nm (2nm)? |, nm

So the Fourier series for J (x)is

1 i sin 2nmr

(3
2 1 nm

Example (9) Find the Fourier series for

This is the general Fourier Series:

i

f(x) = ? 5 [an cos(

2nmx
= f(x)sin( dx
b =7 f Ve
/
So the given fuhct‘ron can be replaced by its Fourier expansion:

£ty =% | Z [ﬂn cos (Zﬂ:'j‘) - b, sin (2:&:3:”

n=1

4 2 %4
—tdt|—f2—tdt=2
1]

m m m

: 4 4((~1)" —

—4 2 s
—t 2nt) dt —f — 2nt)dt =
cos(2nt) dt pal N cos(2nt) s

i

—4 2 (34
—tsin(2nt) dt —fﬂ ~tsin(2nt)dt = 0
m mJdn T




So the solution is
f=1+3 |
n=1

—4 -2
— | (2n — 1)?x?

4
n2m2

((~1)" — l)cos(Znt)}

cos(2(2n — l)t)]

2(2n — 1)¢]

i COS
(2n — 1)?




Home Work

Problem (1) Find the Fourier series of the function

0, -r8z<0
ﬂﬂ-[r, ﬂﬁéﬁr

Answer.

sin(3e) _l_sh{sc}
3 5

fla) ~ 341 (sin(e) +

Problem (2) . Find the Fourier series of the function }

o

f, -#Lz<0
f{'}-[rl P{ﬁﬂzi

hd

Answer. We have ‘{
Therefore, the Fourier series of f(x) is </~

100~ 52 dnte)+
Q

Problem (3) Find th%ourier series of
Y

2’ 0, 2<z<0
4 ﬂ‘)-{n, {Iﬁé:ﬁﬂ

e,

”
A

)

Answer.

:r=)~—+z[ (=1 = 1)oos (aT) + L(=1)+sin (7).




