Engineering mechanics
""Static"'
lecture 1

Force System

Before dealing with a group or system of forces, it is necessary to examine the properties of a
single force in some detail, A force has been define as an action of one body on another. In dynamics we
will see that a force is defined as an action which tends to cause acceleration of a body. A force is a
vector quantity, because its effect depends on the direction as well as on the magnitude of the action.
Thus, the forces may be combined according to the parallelogram taw of vector addition.

The action of the cable tension on the bracket in Fig.1a is represented in the side view,.Fig.2b, by the
force vector P of magnitude P. The effect of this action on the bracket depends on P, the angle 6, and the
location of the point of application A. changing any one of these three specifications will alter the effect
on the bracket, such as the forces in one of the bolts which secure the bracket to the base, or the internal
the complete specification of the action of a force must include its magnitude, direction, and point

application, and therefore we must treat it as a fixed vector.

Figure 1

External and internal Effects

We can separate the action of a force on a body into two effects, External and internal , for the
bracket of Fig.2 the effects of P external to the bracket are the reactive forces(not shown) exerted on the
bracket by the foundation and bolts because of the action of P. forces external to a body can be either
applied. forces or reactive forces. The effects of P internal to the bracket are the resulting internal forces
and deformations distributed throughout the material of the bracket. The rotation between internal forces
and internal deformations depends on the material properties of the body and is studied in strength of

materials, elasticity, and plasticity.



Principle of transmissibility

When dealing with the mechanics of a rigid body, we ignore deformations in the body and
concern ourselves with only the net external effects of external forces. In such cases, experience shows us
that it is not necessary to restrict the action of an applied force to a given point. For example, the force P
action on the rigid plate in Fig.2 may be applied at A or at B or at any other point on its line of action,
and the net external effects of P on the bracket will not change. The external effect are the force exerted
on the plate by the bearing support at 0 and the force exerted on the plate by the roller support at C.

This conclusion is summarized by the principle of transmissibility, which states that a force may be
applied at any point on its given line of action without altering the resultant effects of the force external to
the rigid body on which it acts. Thus, whenever we are interested in only the resultant external effects of
force, the force may be treated as a sliding vector, and we need specify only the magnitude, direction, and

line of action of the force, and not its point of application.

Figure 2

Force Classification
Forces are classified as either contact or body forces. A contact force Is produced by direct

physical contact; an example is the force exerted on a body a supporting surface. On the other hand, a
body force is generated by virtue of the position of a body within a force field such as A gravitational,
electric, or magnetic field. An example of a body force is your weight.

Forces may be further classified as either concentrated or distributed. Every contact force is
actually applied over a finite area and is therefore really a distributed force However, when the
dimensions of the area are very small compared with the other dimensions of the body, we may consider
the force to be concentrated at a point with negligible loss of accuracy. Force can be distributed over an
area as in the case of mechanical contact, over a volume when a body force such as weight is acting or
over a line, as in the case of the weight of a suspended cable.

The weight of a body is the force of gravitational attraction distributed over its volume and may be taken
as a concentrated force acting through the center of gravity. The position of the center of gravity is
frequently obvious if the body is symmetric.

We can measure a force either by comparison with other known forces, using a mechanical

balance, or by the calibrated movement of an elastic element. All such comparisons or calibrations have



as their basis a primary standard. The standard unit of force in Sl units is the Newton (N) and in the U.S.

customary system is the pound (Ib).

action and Reaction

According to Newton's third law, the action of a force is always accompanied by an equal and
apposite reaction. It is essential to distinguish between the action and the reaction in a pair of forces. To
do so, we first isolate the body in question and then identify the force exerted on that body (not the force
exerted by the body). It is very easy to mistakenly use the wrong force of the pair unless we distinguish

carefully between action and reaction.

Concurrent Forces
Two or more forces are said to be concurrent at a point if their lines of action intersect at that

point. The forces F1 and F2 shown in Fig.3a have a common point of application and are concurrent at
the point A. Thus, they can he added using the parallelogram law in their common plane to obtain their
sum or resultant R, as shown in Fig. 3a. The resultant lies in the same plane as Fl and F2.

Suppose the two concurrent forces lie in the same plane but are applied at two different points as in Fig.
3b. By the principle of transmissibility, we may move them along their lines of action and complete their
vector sum R at the point of concurrent A, as shown in Fig. 3b. We can replace F1 and F2 with the
resultant R without altering the external effects on the body upon which they act.

We can also use the triangle law to obtain R, but we need to move the line of action of one of the forces, as
shown in Fig.3c. If we add the same two forces, as shown in Fig. 3d, we correctly preserve the
magnitude and direction of R, but we lose the correct line of action, because R obtained in this way does
not pass through A. Therefore this two of combination should be avoided.

We can express the sum of the two forces mathematically by the vector equation

R=F1+F2

Figure 3




Vector Components

In addition to combining forces to obtain their resultant, we often need to replace a force by its
vector components in directions which are convenient for a given application. The vector sum of the
components must equal the original vector. Thus, the force R in Fig. 3a may be replaced by, or .resolved
into, two vector components F1 and F2 with the specified directions by completing the parallelogram as
shown to obtain the magnitudes of Fland F2.

The relationship between a force and its vector components along given axes must not be
contused with the relationship between a force and its perpendicular projections onto the same axes.
Fig.3e shows the perpendicular projections Fa and Fb of the given force R onto axes a and b, which are
parallel to the vector components F1 and F2 of Fig.3a. Figure 3e shows that the components of a vector
are not necessarily equal to the projections of the vector onto the same axes. Furthermore, the vector sum
of the projections Fa and Fb is not the vector R, because the parallelogram law of vector addition must be
used to form the sum. The components and projections of R are equal only when the axes a and b are

perpendicular.

A Special Case of Vector Addition

To obtain the resultant when the two forces Fl and F2 are parallel as in Fig. 4, we use a special
case of addition. The two vectors are combined by first adding two equal, opposite, and collinear forces F
and -F of convenient magnitude, which taken together produce no external effect on the body. adding F1
and F to produce R1, and combining with the sum R2 of F2 and F yield the resultant R, which is correct
in magnitude, direction, and line of action. This procedure is also useful for graphically combining two

forces which have a remote and inconvenient point of concurrency because they are almost parallel.

Figure 4




Rectangular Components
The most common two dimensional resolution of a force vector is into rectangular components. It follows

from the parallelogram rule that the vector F of Fig. 5 may be written as

F=Fx +Fy

Where Fx and Fy are vector components of F in the x- and y-direction.

For the force vector of Fig. 5, the x and y scalar components arc both positive and are related to the

magnitude and direction of F by

... EQS.1

Determining the Components of a Force

Dimensions are not always given in horizontal and vertical directions, angles need not be measured
counterclockwise from the x-axis, and the origin of coordinate need not be on the line of action of a force.
Therefore, it is essential that we be able to determine the correct components of a force no matter how the
axes are oriented or how the angles are measured. Figure 6 suggests a few typical examples of vector
resolution in two dimensions.

Memorization of Egs.1l is not a substitute for understanding the parallelogram law and for
correctly projecting a vector onto a reference axis. A neatly drawn sketch always help6 to clarify the
geometry and avoid error.

Rectangular components arc convenient for finding the sum or resultant R of two forces which are
concurrent. Consider two forces Fland F2 which are originally concurrent at a point O. Figure 7 shows
the line of action of F2 shifted from O to the tip of Flaccoding to the triangles rule of Fig. 3 In adding the

force vectors F1 and F2, we may write

R = Fl oI FZ = (lei o Fi\.j) + (szi = ngj}
ar

Bi+BJ=, + F)i+ Iy + Fp)i

From which we conclude that

Rx:Fl +F2x_EFT ...... 2
By=T + T = 57,



F . =Fcos(f— ) sz—Fcosﬁ F =Fsin(zx-§) F =Fcos(f—e)
F, =Fsin(f - a) F =—Fgin f F =—Fcos(m— ) F, =Fsin(f - o)

Figure 6

The term XFx means "the algebraic sum of the x scalar components™. For" the example- shown In Fig. 7,
note that the scalar component F,, would be negative.

Figure 7




Examples

Example 1

Combine the two forces p and T, which act on the fixed structure at B, into a single equivalent force R.

P=800N = B
Graphical solution Y
The parallogram for the vector addition of forces T and P is Q7 q Y
constructed as shown in Fig.a . the approxmate scale used / :
here is 1cm=400n; a scale of 1cm = 100 N would be more Bin i
——

suitable for regular- size paper and would give greater ;
accuracy. Note that the angle a must be determined prior to 4 &
C‘c =

construction of the parallogram. From the given figure

tan @ =

6 8in 60°" et o
3+ 6cosbO° e ey

sy

Measurment of the length R and direction 6 of the resultant force
R yield the approximate results

R=5%N 6= 45

Geometric solution
The triangle for the vector addition of T and P is shown in Fig, b.
the angle a is calculated as above. The law of cosines gives

- — i ; : A 800
B = (6007 + (800 ~ 2(800)(800) cos 40.9° = 274300 By - a
Ro= S24N R : : : Ll 4 R\\ 600 N
frome the law sines, we may determine the angle 6 which orients R. Fo
thuse, T
B0 B B (b)
; _s—_in.-ﬁ _'_—_sm'._-.4ﬁ.9° gin 4 = 0.750 = 48;6 i
Algebric solution
By using the x-y coordinate system on the given figure, Y
we may write :
S RS PaTRs R L) L = T
R = 3F, = 800 600 cos 40.9° = 346 N’ i B
Ry. =3F, = —600 sin 40.9° = '-'_393_ N 'R,=-393N : T

The magintude and direction of the resultant force R as shown
in Fig, c are then (e)

R = VR? + R? = J(346)> + (=898 = 594 N

R
9 = tan"! Ef'r = e % — 486"
fd x . #y > P



Examples 2:

Determine the magnitude of the resultant force and its direction measured clockwise from
the positive x axis.

Units Used:

kN =10°N

Given:

F1=20KkN
F2 =40 kN
F3 =50 kN

D>
1
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P wR R

Solution:

s

f

N F =TF- _ o, L. | g A
— Fp=1F; FRI—FE_ a3 AT ;Jcaslw:'
I"\."IIE +.f_ "."illl'r‘:__I:li“i.-"I
Fpy=38.28kN
yE +..irh k.l,‘I'C_—fr:.__.'

F=0603kN

g = aTau|r |iﬂ.1'| '
Ax |

6= 15deg



Example 3

A resultant force F is necessary to hold the ballon in place. Resolve this force into components
along the tether lines AB and AC, and compute the magnitude of each component.

Given:

F=3501Ib !

6 1 =230 deg
0 2 =40 deg

Solution:

F4R F

in(@])  sin[ 180 deg — (8] + &]]

- - si.ﬂ[.ﬂ;]ll
4B = F|— —
sin 180 deg — (6] + 52]] Fis .
180 = (8 451 .
F4g = 1861b y !
Fac F F
sin( @) sinl 180 deg — (8] + 2]
Siﬂ{ﬂj.:l
Fy =F :
Ac Lm{mﬂ deg — (87 + 82]]
F4qc=2301b



Problems

The post is to be pulled out of the ground using two ropes A and B. Rope A is subjected to force
F1 and is directed at angle 61 from the horizontal. If the resultant force acting on the post is to be

FR, vertically upward, determine the force T in rope B and the corresponding angle 6.

Given:
FR=12001b I
F1=600Ib r /
01 = 60 deg \ I
k\;l.i;a
—
il

The plate is subjected to the forces acting on members A and B as shown. Determine the magnitude of the
resultant of these forces and its direction measured clockwise from the positive x axis. Given:

FA =400 Ib
FB =500 Ib
61 = 30 deg
6 = 60 deg
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The y-eomponent of the force F which a pereson excerls
on the handle of the bog wrench is known to he 320 M.

Determing the z-component and the magnitude of F.
Ara. F, = 1883 N, F = 34TN

Determine the resultant B of the two forces shown by
{a} applying the parallelogram rale for vector addition
and (&} summing scalar compon ents.

BOO N

o

|

|

|
"';’!.

To satislv design limitations it is necessary to deter-
mina the effect of the 2-kN tension in the cable on the
shear, tenzion, and bending of the fixed T-beam. For
thie purpose replace this foree b its equivelent of two
forces st A, F, parallel and F, perpendicalar to the
heam. Determine F, and F,.

Ana F, = 1288 KNF,, = 1532 kN

The two structural members, one of which i= In ten-
gion and the other in compression, sxert the indicated
foreea on joint 0. Determine the magnitude of the re-
sultent B of the two forces and the angle # which R
makes with the positive y-gxis.

Determine the magmitnde F, of the tensile spring
force in order that the resultant of F, and F 15 &
vertical foree, Determineg the magnitude i of this ver-
tical resuliant force.

F=500N

In the design of a contesl mechanism, it iz deter-
mined that rod AB tranemits a 260-N foree P to the
crank BC. Determing the x and ¥ scalar components

ol F. Ans. P, = —240 N
~100 N

For the mechanism of Prob. 2/11, determing the sca-
lar components P, and P, of P which are tangent and
normal, respaectively, to crank 5O,

Determine the resuliant R of the two forces applied
to the bracket. Write B in terms of unit vectors alang

the x- and y-sxes shown.
150 N

11



If the egual tepsions T in the pulley cable are 400 IN, Tt is desired to remove the spike frn-ml the timber by
express in vector notation the foree B exseted on the applying foree along its horigomtal axis. An ohetruc-
pulley by the two tensions. Determine the magnitude tion A4 prevents direct access, so that tw;rfurcas, e
of B, — 800 = okl 16 KN and the other P, are applied by cables aa

Ans, B = B00i = 346/ N, R = 693 N : Pt 4 iude of P necsssary to
emsure a resultant T directed along the spike, Aleo

find T. Ans. P = 218 kN
T = 320kN

1.6kN
While steadily puzhing the machine up an incline, & Ty
perscn exerts 2 120-N force P as shown, Determine At what angle # must the B00-N force be applied in
the components of P which arve parallel and perpen- arder that the resultant R of the two forees has a
dirular o the inclina, magnitude of 2000 N? For this mnd:itdﬂn. determine
the angle f between R and the vertical

1400 N

In the design of the robot Lo neert the small cylin-
drical part into a close-Aiting eirenlar hole, the robot
arm must exert & 90-N foree P on the part parellal
tor the axie of the hole as shown. Determine the com.
ponante of the force which the part exerts an the ro-
hot, along axes (@) parallel and perpendicular to the

arm AR, and (%} parallel and perpendicular to the
arm 5C,

12



Lecture 2

Moment

In addition to the tendency to move a body in the direction of its
application, a force can also tend to rotate a body about an axis. The
axis may be any line which neither intersects nor is parallel to the
tine of action of the force. This rotational tendency is known as the
moment M of the force. Moment is also refereed to as torque.

As a familiar example of the concept of moment, consider. the pipe
wench of Fig. a. One effect of the force applied perpendicular to the
handle of the wench is the tendency to rotate the pipe about its
vertical axis. The magnitude of this tendency depends on both the
magnitude F of the force and the effective length d of the wrench
handle. Common experience shows that a pull which is not
perpendicular to the wrench handle is less effective than the right-

angle pull shown.

Moment about a Point

Figure b shows a two-dimensional body acted on by a force F in its
plane. The magnitude of the moment or tendency of the force to
rotate the body about the axis O-O perpendicular to the plane of the
body is proportional both to the magnitude of the force and to the
moment arm d, which is the perpendicular distance from the axis to
the line of I action of the force. Therefore ,the magnitude of the

moment is defined as

The moment is a vector M perpendicular to the plane of the body.
The sense of M depends on the direction in which F tends to rotate
the body The right-hand rule, Fig.1c, is used to identify this sense.
We represent the moment of F about O-O as a vector pointing in
the direction of the thumb, with the finger curled in the direction of
the relational tendency.

The moment M obeys all the rules of vector combination and may
be considered a sliding vector with a line of action coinciding with
the moment axis. The basic units of moment in SI units are
Newton-meters (N.m), and in the U.S. customary system are
pound-feet (ob-ft).

13
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When dealings with forces which all act in a given plane, we customarily speak of the moment about a
point. By this we mean the moment with respect to an axis normal to the plane and passing through the
point. Thus, the moment of force F about point A in Fig.d has the magnitude M =Fd and is
counterclockwise.
Moment directions may be accounted for by using a stated sign convention. such as a plus sign (+) for
counterclockwise moment and a minus sign! (+) for clockwise moments, or vice versa. Sign consistency
within a given problem is essential. For the sign convention of Fig.d, the moment of F about point A (or
about the z-axis passing through point A) is positive. The curved arrow of the figure is a convenient way
to represent moments in two-dimensional analysis.
Varignon's theorem

One of the useful principles of mechanics is Varignon's theorem, which states that the moment of
a force about any point is equal to the sum of the moment of the components of the force about the same
point.
To prove this theorem, consider the force R acting in the plane of the body shown in Fig. 2a. The forces P

and Q represent any two nonrectangular components of R. The moment of R about point O is

Mo=r xR
Because R=P + Q, we may write
r x R=r x (P+Q)
Using the distributive law for cross products, we have
Mo=r x R=rxP+rxQ
which says that the moment of R about O equals the sum of the moments about O of its components P
and Q. This proves the theorem.

Varignon's theorem need not be restricted to the case of two component, but it applies equally
well to three or more. Thus we could have used any number of concurrent components of R in the
foregoing proof

figure 2b illustrates the usefulness of Varignon's theorem. The moment of R about point O is Rd.
However, if d is more difficult to determine than p and g, we can resolve R into the components P and Q,
and compute the moment as

M, =Rd=-pP + qQ
where we take the clockwise moment sense to be positive. Sample Problem 1 shows how Varignon's

theorem can help us to calculate moments.

14



Figure 2

Examples

Example 1

Calculate the magnitude of the moment about the base point O of the 600N force in five different way

Solution
() The moment arm to the 600-N force is

d=4cos40° +2sin40° =4.35m
(1) By M =rd the moment is clockwise and his the magnitude

Mo = 600(4. 35) = 2610 N.m
(1) Replace the force by its rectangular components at A

F1=600 cos 40° =460 N, F2 =600 sin 40°= 386N
(2)By Varignon's theorem, the moment becomes

Mo = 460(4) + 386(2) = 2610N
(1) By the principle of transmissibility, move the 600-N force
along its line of action to point B, which eliminates the moment of
the component F2. The moment arm of F1 becomes

dl=4+2tan 40’ =5.68 m
and the moment is

Mo = 460(5.68) = 2610 N.m
(3) (IV) Moving the force to point C eliminates the moment of the
component F1. The moment am of F2 becomes

d2=2+4co0s40° =6.77 m
and the moment is

Mo = 386(6.77) + 2610 N.m

15
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Example 2

Determine the angle 6 (0 <= 6 <= 90 deg) so that the force F develops a clockwise moment M

about point O.

Given:

F=100N ¢ =60 deg
M20=N.m a =50 mm
0 = 30 deg b =300 mm
Solution:

Initial Guess 6 =30 deg

Given

M=Fcos(8 )(a+bsin(¢p ))— F sin(8 )(b cos(o ))
0 = Find(6 ) 6 = 28.6 deg

Example 3

Determine the magnitude and directional sense of the moment of the forces
(1) about point O.
(2) about point P.

Given:

FB=260Ne=2m

a=4m
b=3m
c=5m
d=2m

Solution:

(1)

f=12
g=>5
0 =30 deg
FA =400 N

Ek' M, = Fysinl8ld+ Fyeos(8lc+ Fg %{a s é)
Ve
My =357kN-m (positive means counterclockovise)

I

b+ Fg
3
Y .f{- +g_ "'u'l .'Ir‘_ T &

EY
A

Mp = 3.15KN-m (positive means counterclockwise)

16
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Problems

The 4-kN foree F i applied at point A, Compute the The throttle-control sector pivots fresly at O, If an
maoment of F ahout peint (3, expressing it both as a internal torsional spring exerts a return moment
sealar and as a vector quantity, Determine the coce- M = 2 N-m on the sector when in the position
dinates of the points on the x- and y-axes sbout which ghown, for design purpeses detormine the neceseary
the mement of F is zero. throttle—cable tension T so that the net moment
Ans. Mg = 268 kN-m GCW, My, = 268k kN-m about ) is zero. Note that when T is zero, the sector
x,3) = =14, 0)and [0, 0.78) m rests against the idle-control adjustment serew at &,
Y Ams. T =40N
L
|
l A2 15
|
=4
F=4kN~ |
|
————————— L— e ————— e L T
o

.

| The rectangular plate is made up of 1-m aguares as
shown. A 75-N force is applisd &t point A in the di-
rection shown. Determine the moment of this fberce
aboutl point B and sbout point £,

Caleulate the moment of the 250-N force on the han-
dle of the monkey wrench about the center of the
balt.

TN

1m A B

# foree F of magnitude 60 N is applied to the pear.
Determine the moment of F about point 0.
Ans. M = 5.64 Nem CW

In arder to raise the fiagpole OO 2 light frame OAR
is attached to the pole and & tension of 3.2 kN is
developed in the hoisting cable by the power winch
. Caleulate the moment Mg of thiz tension ahout

the hingepoint O 4,0 ar — 6,17 kN-m COW

17



Elements of the lower arm are ghown in the figure,
The mass of the forearm is 2.5 kg with mass eenter
at (7, Determine the combined moment aboul the el-
how pivot O of the weights of the forearm and the
8.6:-kg homopenenus aphere. What must the hiceps
tension foree T be 20 that the overall moment about
{0 ig zero?

Ans My = 1425 N-mCW, T = 285 N

Compute the mement of the 1.6-N force about the
pivot © of the wall-switch toggle.

F=16N

A force of 200 N is applied to the end of the wraneh
to tighten & fAange belt which holds the wheel to the
axle. Determine the moment M produced by this
foree ahout the center (¢ of the wheel for the position
of the wreneh shown, .. af — 783 N-m CW

2 N

The 20-M force P iz applied perpendicular to the por-
tion BC of the hent bar, Determine the moment of P

about point B and ahout paint A,

The small erane is mounted elong the side ol & pickup
bed and facilitates the handbng of heavy loadse When
the boom elevation angle 15 & = 40°, the foree m the
hydraulic cylinder B is 4.5 kN, and this foree ap-
plied at point ' iz in the direction from B to € (the
cyhinder is in compression). Determine the moment
of this £.5-kI foree about the boom pivat point O,

Design eriteria reguire that the robot exert the 80-N

foree on the part as shown while mserting a crlin-

drical part into the cireular hole. Determine the mo-

ment ahout painte 4, & and O of the foree which the
part exeris on the robot,

Ans. M, = 688 N-m, Mz ~ 338 N m

Mo = 1350 N rm (all CCY)

18



Lecture 3

Couples
The moment produced by two equal, opposite, and noncollinear forces is e
called a couple. couples have certain unique properties and have important .;ﬂ{ :
applications in mechanics. ! 5 /
Consider the action of two equal and opposite forces F and -F a e y I
distance d apart, as shown in Ifig.1a . These two forces cannot be combined \ |
into a single force because their sum in every direction is zero. Their only
effect is to produce a tendency of rotation. The combined moment of the
two forces about an axis normal to their plane and passing through any
point such as O in their plane is the couple M. This couple has a magnitude
M= F(a+b)-Fa
Or M= Fd

Its direction is counterclockwise when viewed from above for the case

Illustrate. Note especially that the magnitude of the couple is dependent of

the distance a which locates the forces with respect to the moment center O.

It follows that the moment of a couple has the same value for all moment | 1\31-_‘{

centers.
Vector Algebra Method

We may also express the moment of a couple by using vector algebra. With

the cross product Eg. the combined moment about point 0 of the couple of

Fig. 1bis ()
M =raxF + 1o X (-F) = (fa~re) XF

where ra and rg are position vector which run from point O to arbitrary ff"_,;;_ -‘\h ,f"#_

points A and B on the tines of action of F and -F, respectively. Because ra - | h‘-l I

's =r, we can express M as '“-.x\ ;I ::u'

M=rxF T o

."I-Il _-l.'\ '..-"_ o
i B ."
{ '|I !
Here again, the moment expression contains no reference to the moment | # | \V\ '.
\ | G
center 0 and, therefore, is the same for all moment centers. Thus, we may i
l'. ."I I\'.
W k-

b

represent M by a free vector, as shown in Fig. 1c, where the direction of M — i
- - - Counterrlockrias Clockwise
is normal to the plane of the couple and sense of M is established by the couple touple

right-hand rule.

i
Figure 1
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Because the couple vector M is always perpendicular to the plane of the forces which constitute
the couple, in two dimensional analysis we can represent the sense of couple vector as clockwise or
counterclockwise by one of the convention shown in fig.1d. later, when we deal with couple vectors in
three-dimensional problems, we will make full use of vector notation to represent them, and the

mathematics will automatically account for their sense.

Equivalent Couples

Changing the values of F and d does not change a given couple as long as the product Fd remains the
same. Likewise, a couple is not affected if the forces act in a different but parallel plane. Figure 2 shows
four different configurations of the same couple M. In each of the four cases, the couples are equivalent

and are described by the same free vector which represents the identical tendencies to rotate the bodies.

Figure 2

Force-Couple Systems

The effect of a force acting on a body is the tendency to push or pull the body in the direction of
the force, and to rotate the body about any fixed axis which does not intersect the line of the force. We
can represent this dual effect more easily by replacing the given force by an equal parallel force and a
couple to compensate for the change in the moment of the force.

The replacement of a force by a force and a couple is illustrated in Fig. 3, where the given force F
acting at point A is replaced by an equal force F at some point B and the counterclockwise couple M =
Fd. The transfer is seen in the middle figure, where the equal and opposite forces F and -F are added at
point B without introducing any net external effects on the body. We now see that the original force at A
and the equal and opposite one at B constitute the couple M = Fd, which is counterclockwise for the
sample chosen, as shown in the right-hand part of the figure. Thus, we have replaced the original force at
A by the same force acting at a different point B and a couple, without altering the external effects of the
original force on the body. The combination of the force and couple in the right-hand part of Fig.3 is
referred to as a force-couple system.

By reversing this process, we can combine a given couple and a force which lies in the plane of
the couple (normal to the couple vector) to produce a single, equivalent force. Replacement of a force by
an equivalent force-couple system, and the reverse procedure, have many applications in mechanics and

should be mastered.
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Figure 3

Examples

Example 1
The rigid structural member is subjected to a couple consisting of the two

100-N forces. Replace this couple by an equivalent couple consisting of
the two forces P and —P, each of which has a magnitude of 400 N.

Determine the proper angle 6.

Solution
The original couple is counterclockwise when the plane of the forces is

viewed from above, and its magnitude is
[M=Fd]

M =100(0.1) =10 N.m

The forces P and —P produce a counterclockwise couple
M = 400(0.040)cos0

Equating the two expression gives

10 = 400(0.040) cos6

0 = cos (10/16) = 51.3°

Example 2
Replace the horizontal 400-n force acting on the lever by an equivalent
system consisting of a force at O and a couple.
Solution
We apply two equal and opposite 400-N forces at o and identify
counterclockwise couple
[M=Fd]

M = 400(0.200sin60° ) = 69.3 N.m

Thus, the original force is equivalent to the 400-n forces at 0 and the 69.3

N.m couple as shown in third of the three equivalent figures
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PROBLEMS

Compute the combined moment of the two 180-N
forces ahout (@) point O and (3) peint 4.

Ang. (o) Mo = 108 N+m CCW

b) M, = 108 N-m OCW

i
+ :"i 180 M
240 mmim |
.1 — 4
Hﬂlmm :
e o
180 N |

Replace the 4-kN foree acting at polnt A by a forpe-
couple system at (a) point O and (3) paint 8.

4 kN

\J,'
|
1
&. A
ey
:D.Bru
_E__IE:E'“'E ______ *

The indieated foree-couple system is applied to a
amall shaft at the center of the rectangular plate. Re-
place this system by a single foree and specify the
enordinate of the point on the y-axis through which
the line of uetion of this resultant foree passes.

Ang, ¥y = —Tomm

200 mm

The top view of a revolving entrance door s shown,
Two persons simultanemely approach the door and
exert forces of equal magnitudes as showm. If the re-
sulting moment about the door pivor axis at ¢ iz 25
N +m, determine the force magnitode F.
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In the design of the lifting hook the action of the ap-
plied foree F ot the critieal section of the hook iz &
direct pull at B and a couple. If the magnitude of the
couple is 4000 N «om, determine the magnitude of F,

Ang, F o= 40 kN

The gystem consisting of the bar 04, two identical
pulleys, and a section of thin tape i subjected to the
town 180-M tensile foroes shoewm in the fipure. Dater-
mine the equivalsnt force—couple system at paint O,

A lug wrench ia vaed to tighten a square-head halt.
If 250-M forces are applied {0 the wrench as shown,
determine the mamitude F of the equal forees ex-
ertad on the four contact points on the 25-mm belt
head 50 that their external effect on the balt is sguiv-
alent to that of the twae 250-M forees. Assume that
the forges are perpendicular to the flats of the bolt

hieaad.

Ans. F = 3800 N

View C Detail
ielearances exaggerated]

The inspection door shown is constructed of sheet
atee] which is 3 mm thiele Determine the force—cou-
ple system located al the hinge center € which is
equivalent to the weight of the door. State any

asENmMptIons,
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A ADD-N foree i8 applied to the weldsed slender bar at

an angle # = 207, Determine the equivalent fores— Caleulate the moment of the 1200-N force sbout pin
touple system acting on the weld at (o) point A and A of the bracket. Degm by replacing the 1200-N foree
(t) point 0. For what value of # would the resulte of by a force—couple system at point O

parts (w) and (&) be identical?
Ang. (o) F = AN, M, = 1818 N-:m W
B F = 40N Mg = 214 N-m COW
& = { or 180°

A foree T of magnitude 50 I is exerted on the auto-
mohile parking-brake lever at the peition x = 250
mum, Replace the force by an equivalent force—couple
gyslom at the pivet point O, Ans B = 50N

Replaes the couple and fores shown by o sngle force
F applied at a point 0. Loeate D by determining the
distance .

&0 Nm

The wrench is suhjected to the 200-N foree and the
fores P as shown. If the eguivalent of the two forcea
ie & foree B at O and & couple expressad as the vector
M = 20k N-m, determine the vector expressions for

P and R. Ane. P = 40§ N
R = —160 N
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The figure reprogenta two integral gears subjected to
the tooth-comtact forces shown, Replace the two
farces by an equivalent single force R at the rotation
axiz ( end a eorrecponding couple M. Bpecify the
mapnitudes of B and M. If the gears were to start
from rest under the action of the tooth Inads shown,
in what direction would rotation take plage?

The eombinad drive wheels of & front-wheal-drive au-
tomobila are aeted on by & TOO0-N normal reection
force and a friction fores F, hoth of which are exerted
by the road surface. If it 38 known that the resnl-
tant of these two forees makes a 15° angle with the
vortical, determine the egmvalent force—couple sys-
tom at the car mass eenter (F. Treat this as a two-
dimensional problem. Ans B = T2EON

Mgz = 7940 N-m CW
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The weld at ) can support a maximum of 2600 N of
feree along each of the n- and ¢f-divections and & max-
imum of 1400 1+t of moment. Determine the allow-
able range for the direction 8 of the 2700-N foree
applied at 4. The angle 0 is restricted to 0 = § = 80°.
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