J
/]

/]

/
U lcAlance

Calculuse

: P ,
ﬂ, Jﬁf?ff/ Corww”> £ e

[5 (g M?%'Pa/ ,é’)?ﬂfn el /)eﬂf
J 4 ’
D}’- jﬁ(jfé( ) g;ﬂ(c,/ i
Bl e, 5

e
|



l

BunfE o fans

N 2
v
i > = e
g / !
% i
/e V//éa/}/ Vean S0 ool Wy - <V W7
Vzg. ‘f: #_:‘l’% .Fk_sﬁ(_vcyzjifa)
4%!414——14—,—1%—94/!— 1/ @%7041”;,7/,*; Ya) ,PQZ SPAHe
caeeA Voot Vg b -t % ‘ ,‘/"3 L 4
o’ .
&é@ﬂﬁzym//ye//;y AL . Lol o

i /&f%ﬂﬁf //4;/?// !{?H [ povm of )

I Vﬂ z 1/){:,%: ov Y vl - ’./ AP A V;

eX
V= <3427 = 311'-24!
js =L b $——le+ |
7 A
N

~ \
fr\ ,.V / I
! I > \
2 F . [ Pal
idea




gl

-
vV
T L@/MM) ’ﬂ&{:ﬂ/f ,,4 = (q,qi)

B albh bl
S S
l = ,Aﬂ = <b_o . j?.,__a' 7

A S
T X
3
V= AB - < 3.1 ol 9 o LD 27
v \ { r
> pn
A = BA = L 1.3 -4 7 = 4—2',-—3?
Q/\f&ﬁ‘—%f
YR,
ot
ol = J VI B pce

” M ” = J:?—+ -’} = IT_;

oy i = [ 255 . J_,E’_




bo b7 ey lal- ) g2

C .l Yo, I s Nl . JIZ
i

I ﬂ?j /s /’m/pwz M&/df B

"{‘/QZ a/fz/ﬂ;/

V
(o8 A .
I Vi ¥
o A ... P >/
i ',D'z
Cos B . Vs /
LV v
y x
) v >

o x

4,),,,4,,1, g;%;f wile




' A L
8 OFe7al ey 677 Veécl/@r s

(O Aclol Zios,

) TN e
Semé | ,d,u/' L -rf [ \‘\\ ™~
y . ~
bo]lu///-n & . '
o y ;S H%%WM

N



il - lﬁ; I3  cosrp
B | s o - ces [~ )
[ 4% res

_{o/:_ - N
7__Ziw_ﬁ_-> B =9 — H B - NA.IBI. Gos 50
- O P e

,fi__m/ /f/ _Aj‘:__é = 0

HAL UBU (o5 = o

=

__ - M 03
— I 2 e (= Ot p = P — ALB




W Cress proctec?

A=<a b a>
f.fau-‘-—‘
Bq"<b':bz }-’2>
- J X
4 . B - Io e O,
L
| 6 e b,
e el - < V2, 2 7
-\_.-—: S 5,0 !,>
K
54(_g_. L\ 2 .2
4. |
2 z l| 2 1 b 4
:,‘(' o | Ll 3 l ‘?’~K e
=% 1§ LK
WW”Z"%’ 6’;/ CroeS ﬂ’/ﬁ/“/
(D AxB L A swd AxB LB
#‘__(_9 < Z/B (ﬁxﬁza)
@ ,er,g:é: — (BxA l-e AxB #E.Z_A/_—
(1) UxUA+8) = TXA + 418
()




~ .)wfch* Lo Ojzes WM




!

o
[
D
0 \
Lo
1




AB =X1,3, 2 7
lg—c-’. :40[ ‘14‘! 7
& A

\k¢

Al kT, 1, .87

P —— o
— U pell = 3% ¥ AU - (¢ £ 1 BCU=2
s 2 o, L o 1
W Acl = UARBI 4, 1 Bell
AB | Bc )




(O

~ Treple Scaley proclec? ( 755 )

—

AA (3)(5’):.0' Qq_ 0): :
[ o b b, |
! e, €& c,
& TSLMLMM__
_ﬁ@lfdéjﬂ’m

EAX
lef TR fmJLLad&rw s sroles I]* e A
B

A=<¢s2.0r , B2y, Z.<u3: %

.j"u.. ~ — —
s sy ik s AT A7

X (£ J K 2 (Yl 2K s pcpglt e [o05
guses i 3 ¢
;w’*”’ 11 T Z
A. (CxB) = llAU. 1 ExBU ¢o5&
! (o] = !_}:{ + {,r:: Cos O ’
M {J = -« Cof S e (D = (2F Lfi )
“ |




#Oc’f

77-6 71'%/21';’) ﬂz {’?3) Wﬁﬂffﬂj 7%)@“;1

e 0 rn s el el T e i

B (o-tty.2)
5 TS

-1//(’,@,./ . S )
Voo ro is ( l/-{ac,b,c>)_

% II\J P
/// X ¥
\7,<a,5 7
pa
/ /{q.é..c?




4

&

i
) E— le  (li2,.3) 4 . . V445 IZ
—
3) ’ > (o,06,0) « o o Vol b L)
L £

———Ay—X—f—({—f 7L 2) ¥ = ’*({f 3,) X = f

Y =9 4 5 AP P 5 ;PR

&= -3 3¢ e I

2
= Ly o ¥ ogyad T a 1
] Ye A qf F
I.z‘=—-! +gf \ #7

@ f;j”?p/‘j ng m_ -0 % / \-\

._-—-'__"-(3

- = 1
D---(.it.g't.__} ZL-—?

9. 3

;/;_qh_rji__s_@ 1#&/56/-@%;0:(_?,2‘3)

¥




13

. (‘_:\_3‘\_)\:")\;,‘\? i Lz~ Blad\ Seiloe . pt (Lol U VPuups

G



L’rﬁc)(;la‘-é’?‘ ,Q_z:,,)(,g ?4—-3(
[,‘/—:5 «t );f: -3 €
!@;—‘;#52‘ !25 ST o

b) qé;%—h—ﬁ—/hémfeef ¢

i P

™ Seol.
. a——
o) V o <24 o &>
= L = L7 &
v R . 2 >
Vz N VT = & 4
:% £ & K
— —
ViV = ly ¢ 5 = L1, 38 207 o
5 <3 |
—_— =N
S VAN S /,

~
<
~
—_—
o
Ly

S ol S = 2 2
LGt BT AT S 2 i T
+ 4 L -z2.gf O o
= S R P 3t, /D {ifz‘) f\/"'l(..l-;_,.-——\ -l
=4 b =y Tk, <= [ = > 7=
-+ S5t =Kty —3 —
7,
@Jﬂ I Vf’éﬁ@ y’”%-h&f*ﬁ’@ - W <

.-.@C’/

£ | =3 -
Yo e)kl’\ A% ’{J@




=3

X | olEf
| z 4D

- =

f '
)/; XJ"bZL

2o Z,eC

|t Ltlpyc ..

) =
17 =

= A

S
l}

“—



’ 2o /6 _ |o_)2 1L
N | me ' (2) o Fonl 7Z.

—
= p5=—{e,2, 5)
[ A
TS b_?)( / = [ =% = - (4 g 27
> 14 7 v 7 =1 Z 3% 7




™~
NG

lo /6 — o
7 ¥ {

’ g P
,E.!‘?OCQZ};M J f[mq@ )0 SpPace

Perfes 4&;44;,4 Z;‘é Vil ’ ‘?a‘gx,e/ l?l 'P EM

— e S w
Py L. n =o (Dqg,\ﬂ,ﬁc“) e M
a"[’p—-{fzflflg) v
-~
f/':gi'_t.zk’\.(?jy.’ P | & 2.2 f()r-(:)
Ut T 71 / N [ P
= Al x) o BLF) + C(2-2) = o <>
2V sy 1 P—~7—"7 7 = 7
s A7 e Ry . 02 -of =>
4 7 ¢ T = =

_A_LL@ZKEL_MV e a/ff L
7.

(2) 7 Z @m,a&naf.nf @gq/i,ann

)




9,1/ + o/ 512 = J&
H('_J_\ S leprae KL 9)4} (e o) PRIl s.p] 2 (p.3e)




sdf-
—
V panttel Zo 4, v Y 2K & 5. _{ >
N povpencleccly B M s ﬁ=<‘;—3/‘5?
-~ " N
V. » = F _ |5 w A | ?50
.
AR/ (4] ?&aLﬂmlle_L@ Z, i L
Al .
L7 gl v 2) 5 75 prat - /{/\
dvd
_—
/D Ll
=3 Y 5L = |2
Z =3+8C | y .y, st = 2.3f¢ (D

— é } /C_ :—-3 @
= (1) (;} (f.n, H!Q)

W
D







m2 A e = A
seol
=
N =z &L 2 o . 72 7
7ry N2 P e
'1- y— &7 F T F
pr i<
=N i e i
— N x7 =/3§z - 2,8 .3 7
.—7 v | ! S la’_, \ r 7 L4

: ) , T )
Dy lince hedoee: panf and plane W

31;4 P E Ziocl l—; /. m L Fhe JJ/M&M_

o 7 fnpay PYf => ¥a3 o P(3e) 0000




il

B Meaxebys C2=of

le + by + e+

J" [az +b%-{»C£+dIi
U

@—
—
= -

s+ by C*

|
v

M&ef predioees EX yam

/C/),-J]:%c@ fﬁ;ﬂ/{/m Lt plare

C-)Mé__z,; {/0 ﬁw,ﬂ@mz

S T _asg/ boZuren 5 ol By JZ

—

: —D
Can 5)—,%4%;/ b )2 2y = YU YN tt Lo O

Coufe 7 ¢ !',10 @FMMLMW 7212

Tlcn ) Loy be Lo ; L.
—
”.J—,p&’}ﬂ/ ot ‘_‘{?.”'7, ﬁ:'s/ /A — s
£ & ')9?‘. GM/IJ ’;j:

A
\
B
Q
N

&

oy (‘0’1 /,0) @2p~ ‘/‘Z/ﬂ.ﬂl)




8)(’ 95?’ C afe )_/ /) /‘E’IA"I/(/ 72:9 MEI//(’ é@ % MPM

Pl : 8X_ LY . 22 45

Fy

g . B 4 of o T OS& a5

77-:";7:’ :gg,_!_;l.(f:q

L~
)

Ao =<2, |\ 27 )  gpuelt .7
j/ﬂei;—.-l/;—:j

—_—

Y = /74 3) oo o

L] (.f /

- pr
O = cex (7)) = [3k (25°)

B g

o sl 2, % .G F
FR L ¢
s B = )y 2 —2

et A 3 o)

by @
| /

[) [243+ Ugo + Yoo mm 7] ) B /
e —  [3 8




&

694

Chapter 12: Vectors and the Geometry of Space

The points on the plane easiest to find from the plane’s equation are the intercepts. If
we take P to be the y-intercept (0, 3. 0). then

PS=1(1-0)i+(l=3)j+((3-0k
=i-=2j+ 3k,
In| = V(37 + 2P + (6)* = V49 = 7.

The distance from § to the plane is

s B N
d= |PS-- length of proiy S
[n]
- u~?,+3k;-@i+%j+f’7-k)‘
=3 4, 15 o 1T
=17 7*7“7' -

Angles Between Planes

The angle between two intersecting planes is defined to be the acute angle between their
normal vectors (Figure 12.42).

EXAMPLE 12
22X P =022 5,

Find the angle between the planes 3x — 6y — 2z =15 and

The vectors

n]=3i"6j—2k,

Solution

ny=2i+j-2k

o
“

are normals to the planes. The angle between them is

@ = cos ' ( sk )

[ [y

st L
21

1.38 radians.

FIGURE 12.42 The angle between two
planes is obtained from the angle between
their normals.

b4

Abour 72 deg

Lines and Line Segments
Find parametric equations for the lines in Exercises 1-12.

1:

9. The line through
x+2y+2-=13

(0, =7,0) perpendicular to the plane

The line through the point P(3, —4, —1) parallel to the vector
t+]+ k

2. The line through P(1, 2, —1) and Q(—1,0. 1)

. The line through P(~2, 0, 3) and (3. 5, ~2)

. The line through P(1, 2, 0)and O(1, 1, —1)

10. The line through (2, 3, 0) perpendicular to the vectors u = i +
2j + 3kandv = 3i + 4j + 5k

11. The y-axis 12. The z-axis

Find parametrizations for the line segments joining the points in Exer-

5. The line through the origin parallel to the vector 2j + k cises 13-20. Draw ‘f‘JOYdin_ﬂfﬂ axes and sketch each segment, indicat-
6. The line thecugh the poliit (3,~2. 1} parallel to 'the Jine ing the direction of increasing 7 for your parametrization.
1550 S D e e 13. (0,0,0). (1,1,3/2) 14. (0,0,0).  (1,0,0)
7. The line through (1, 1, 1) parallel to the z-axis 15. (1.0,0). (1,1,0) 16. (1, 1,0), {1..1,1)
8. The line through (2.4,5) perpendicular to the plane 17. (0, 1, 1), (0, =L 1) 18. (0.2, 0), (3,0,0)
I+ Ty —5z=21 19. (2,0,2). (0,2,0) 20. (1,0,-1), (0,3,0)



Planas
Find equations for the planes in Exercises 21-26.
21. The plane through Py(0, 2, =1 normaltom = 3i — 2j — k

22, The plane through (1, —1, 3) paraliel to the plane

x typbtz=]
23. The plane through (1, I, —1).(2,0,2),and (0, —2, 1}
24, The plane through (2, 4. 35),(1,3.7),and (1, 6,8)
25, The plane through Py(2. 4, 5) perpendicular to the line
x=5+4 y=1+4+31, z=4%4
26. The plane through A(1, —2. 1) perpendicular to the vector from
the origin to 4

27. Find the point of intersection of the lines x = 2r +
gi==dp F 3, and xe=ig  2, 9 = 294 ¢
then find the plane determined by these lines.

28. Find the point of intersection of the lines x =1, v = —t + 2,
z=¢t+ l,andx=2s + 2, y =35 + 3, z = 55 + 6, and then
find the plane determined by these lines,

In Exercises 29 and 30, find the plane determined by the intersecting
lines.

29 Elix = =l pE=ddf, o5 =F —00S %00
[2:x=1—4s, y=1+2s, z=2—2g —2X <5< X
30, Litx=¢4, p=3-34 :z=-2-4f -—-00<¢4<o00

LZx=1+s yp=4+s5 z==l4s —-wLs< oo

31. Find a plane through Po(2, 1, —1) and perpendicular to the line of
intersection of the planes 2x + y —z = 3, x + 2y + z = 2,

32. Find a plane through the points P(1, 2, 3), P»(3,2, 1) and per-
pendicular to the plane 4x — y + 22 = 7,

Distances
In Exercises 33 38, find the distance from the point to the line.

33. (0,0, 12);
34, (0,0,0):

x=4 y=-2, =%

x=54+3 p=5+4, zp=-=3-5

35. (2,1,3); x=2+2% p=14+6; z=3

36. 2,1,-1); x=2, y=14+2 =-=2

37. 3,—1,4); x=4—1 yp=3+2 z=-5+3
38 (=1.4,3); x=10+4, y=-3 :z=4&

In Exercises 39-44, find the distance from the point to the plane.

39 2,=34)., x+2p+2z=13

40. (0,0,0), 3x+ 2y +6-=6

41, (0,1,1), 4y + 3z = —12

42. (2,2,3), Zx+y+2:=4

43. (0,-1,0), 2x+ypy+2-=4

44, (1,0,—1), —dx+yv+:-=4

45. Find the distance from the plane x + 2y + 62 =
x+ 2y + 6= = 10.

46. Find the distance from the line x=2+nv=1+14
== ~(1/2) ~ (1/2)f 10 the plane x + 2y + 6z = 10.

1 to the plane

25

12.5 Lines and Planes in Space 695

Angles

Find the angles between the planes in Exercises 47 and 48.
. 2ty =1, pty—2=2

48. 5x + y—==10, x—2+ 3= -1

's¢ a caleulator to find the acute angles between the planes in Exer-
cises 49- 32 to the nearest hundredth of a radian.

49, v+ 2p+22=3, -2 —z=3
5. X P F 5 ],‘ =0 (the xy-plane)
51.2x + 2y—z=3, xt2ytz=2
§2.4v+3z2=—-12, 3x+2+62=6

Intersecting Lines and Planes
In Excreiscs 53-56. find the point in which the line meets the planc.

83.x=1-t py=3, =1+t 2x-y+3=6
4ix=2 p=3+02 s=~2~2 obxF Iy—dz=r-I12
5. x=1+21, y=1+5% =z=3 x+yv+:z=2

5. x=—1+3 y=-2 z=5; 2x—-3z=17

Find parametrizations for the lines in which the planes in Exercises
57-60 intersect.

Slex+y+za=1 +yp=2

58.x-6p—=2=3, Wt+tp=2=2

59. x~2p+dz=2, x+p—22%35

60. 5x = 2y = 11, 4y = 5z = =17

Given two lines in space, either they are parallel. or they intersect, or
they are skew (imagine, for example, the flight paths of two planes in
the sky). Exercises 61 and 62 each give three lines. In each exercise,
determine whether the lines, taken two at a time, are parallel, intersect,
or are skew. If they intersect, find the point of intersection.

6l. Li:x=3+4+21, y=~1+4, -=2~4 -—-0<t<x
[Zix=1+4s,y=1+25,2=-3+4s; —00 <5< X®
E3g= 328 ¥=S2%F, 2 = =2 ¥ 25 ol & £ 1o

62. Llix=1+21, y=+-1~1t z=3 —00c<t<00
L2:2x=2—35, y=3s, z=1+s —00<s=<o00

L3zx=5+2r, y=1—r, z=8+3r; -0 <r<ce

1l

Theory and Examples

63. Usc Equations (3) to generate a parametrization of the line
through P(2, —4, 7) paralicltov, = 2i — j + 3k. Then generate
another parametrization of the line using the point Po( -2, —2, 1)
and the vector vo = —i + (1/2)j — (3/2)k.

64. Use the component form to generate an equation for the plane
through Pi(4, 1, 5) normal to m; = i — 2j + k. Then generate
another equation for the same plane using the point P2(3, =2, 0)
and the normal vector ny = —\/2i + 2V/2j — V2k.

65. Find the points in which the line x = 1 + 26,y = —1 — ¢,
z = 3¢ meets the coordinate planes. Describe the reasoning be-
hind your answer.

66, Find equations for the line in the plane z = 3 that makes an angle
of 77/6 rad with i and an angle of /3 rad with j. Describe the rea-
soning behind your answer.

67. Isthelinex =1 — 24,y = 2 + 54,z = —37 parallel to the plane
2¢ + p — z = 87 Give reasons for your answer,
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