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694 Chapter 12: vectorr and the Geometry of Space

The poinrs on the plane easiest to find liom the plane'.s equation art the intercepts. lf
ire lake P to be the.r,-intercept (0, 3.0). then

ts = tr - o)i + {l - i)j + (3 - o)k

=i-2j+3k,

FIGURE 12.42 The angle between Nvo

planes is obtllined fronr the angle beaween

thcir nornuls.

lnl = (])

Tle distance tionr S to rhe plane is

0=cosl

: 1.38 radians.

+ (2): , (6)r

F:s. n

nl
lcnirth of proii ,'S

(i 2i+3k).(+'.?,.iil

Angtes Betlveen Planes

The angle bet*een trvo intersecting planes is defined ro be the acute angle between their
normal rectors (Figure 12.421.

EXAIIIPIE 12 Find the aDgle between rhe planes 3.t -6y-2, = 15 and

Zt + y - 2: = 5.

Sotution The vectors

nr = 3l - 6j - 2k, n2:2i +j - 2k

are lormal6 to thc plancs. Thc angle bctreen them is

t7

n

ni
n

n

l
2

(

(

)

Lines and Line Segm.rt5
Find paramefic equations for the lines in Exercises I 12.

l. The line rhmugh the poirt P(3, -4. - t) pamllel to fie vecror
I r j+k

2. The line through P( l. 2, - I ) and 0(- 1,0. 1)

3. The line through Pl -2. 0.3 ) and p(3. 5, -2)
4. The line through ft 1,2,0)andO(1. l, l)
5. Tlre line through the origin parallel to the vector 2J 1 k
6. The linc through the poio! (3, -2. l) par-allel lo the line

.r-l+21,.,,-2-t,z=3t
7. Thc lnc through tl. I.l)panllel to thc:-aris

t. The linc through (2.4, 5) perpendicuhr to the plane
]r+7v-5:-21

9. Thc line firough (0,-7,0) perpendicular to the planc
r+2r:12:--13

10. The linc through (2,3,0) perpendicular to the vectors u = i +
2i f Skandv=3i+4i +5k

I l. Thc r-axi\ 12. The z-axis

Find parimetlizations for the line seguentsjoining the poirrts in f:,xcr-
cises lJ 20. Draw coordinate axes and skelch each segment, indicat-
rng the direction ofincreasing t for your prrametrization.

13. 10.0,0), (r,1,3/r) 14. (0.0,0). 0,0.0)
15. (1.0,0). (1,1.0) 16. (1,1,0). (1. l.l)
17. {0. l,l), {0. I,l) lt. (0.2,0). (3,0.01

19. (2.0, 1). (0.2.0) 20. (i.0,-lr. {0.3.0)

?q

=l+-+.+l a

.11

Exercises 12.5

I



=

ZS

Plnnes

lind equalionj t'or dlc plancs in L\lr'crscs : I 26.

21. Ihe fhnc tbr()ugh P,,10. :, - I I nornral to n -li lj k

22. Ilre planc th|or.rgh I l. l^3)pirallcl todrcplane

23. The pliLne through ll- l. I). (1.0.l). and t0- 2. ll
l{. Tho plano rhrough (1, 4. 5). i I, i. 7 }, aDd i l.6.li)
2S. Ihe plnne throlgh Pn(:.,1. 5 ) pcr pcndicular to the line

j=-< l/, _1 
:l:j/, ::.1r

26. The plane through.1(1. -2. llperpendicular ro thlj vector fronr
lhe origin to ,

27. Firdlhe poio r (rl intersection of thc lin.s r = 21 ! 1,r,=lr l:,
::.1/+3.and.r=s+2. l =2s+,1,:= -..1.r l.ond
t[en find thc phne detcrnrin.'d by thcsc Iincs.

28. Find the point of interrccrion .rf the lines r - .. .r' - l + 2.

: = 1+ l,and \i = lr + 2. y = r l :].: = 5f + 6,andtherr
fird rhc planc dciennincd by tbcsc lines.

In LxeNises:9 and 30. find thr plane detemlined by the intersectiDg

lin.s.

29. Ll:t,,. l+1, _r,-2+r. : I ,t ;i-<r< r!
a2i.r-1,4s, r,-l=1r. - 2 lr; i:<r<

30. Il:_!:r, r,= j 3t. := 2 1; Lr <1<--c
L2:t-l+ r. r-4is,: I +-r: :!- -:s< L-rl

31. Find a planc through P0{2. l, Ilxndpcr!.ndicularto!h.lincof
intcrsection olthe plancs 1I + r' .z : 3,.r - 21 + z:2.

32. Iind a planc drrough dle points Prll.2.:.i.P.:i:].2. l)and pcr-
pendicular to the plane 4.t - v + 2: : / -

Dista .es
In Exerciscs JJ 38, find the disunce from the poinl lo fic linc

33. (0,0. I2); t - 4t, )'= -2t. : :2t
3,1. (0.0,0,: .r 5rr/. L-5 {r..= I 5/

35. (2, l,3l: ) = 2 t 2t. r,: I .- 6/, ::3
.36. (:, l.-l); x :2r- 

.t, -- I + )t. 1-2t
37. (3, I.4)r .:r=,+-/, )=3+lr. :- 5+3/
18. (-1.4.i): n=l0+4/, t- l, :-4r

ln Ilxcrcis.s 119 .14, fi d the disrancc from the point tLr thc planc.

.19. (2. i,4), .r + 21 r 2: = 13

40. {0. O, 0), ii + :r' + 6: : 6

,ll. {0. i, l), 4r. I ,:,- : 12

12. (2.,2,3!. :r + _r + 2: "l

,r3. (0. -1,0J, 2t ' 1'+2-- I
,1.1. ll.o, l), 4r+r.+:-4
,15. t-ind the dist cL' fiirn thc pline l + 2r + 6,- I to the tlllnc

r+2r+6:=10
,16. lind a disaiincc llom ihc linc r=I_1-.r,:I+r.

:: Il/.21 (l/.2)lrolheFlxne y I 21 1 6:: i0.

12.5 Lines and Pianes in Space 695

Angles
Find thr' angl.s b.t'rcen the plan.s in L\erciscs ,17 ind 48.

47. t-,; l^ 2r+r )z )
1{1.5r ! r,- --- 10. .r-}l jj= I

$[ Usc a ealculator to fir]d th. acuic anglcs bctu,c.n illc plimcs irr Exor-
cis.s 49 52 !o t[c ncarcst hundrcdih oia radiao.

{9. l. 21 2 1. I' i : i
50. ).+ I i:= l. ::0 (thclFplanel

51. 1r + 2r -:-,t. .r + :r, + _- - 2

52. -1! + --l-- . 12. ]r + 2L + 6: 6

Interse.tinq Lines anai PLana:

hr Excrciscs 53 56. find thc pL)int nl whi.h thc linc lnccts rhc planc.

53.r-l t. ).- 3t, _--'+ir lr |i+,t: 6

5.1. r:2, r:312t, - 2 2t; 6r'i 31 4:: 12

\ t l.--:

56.r: I r 3,. r: l. ::5/: L .j::7
Find parametrizations lbr the lines in which the pl.Lnes ilr E\ercises
57 {)0 intcrscct.

57.-t+,t*--l, t+r)-:
58..]r 6r'- L=3, 2\ t ! 2::2
59..Y 1,+4-'- 2. "r* r' 2--= 5

60. 51 2r,.- it. 4-r 5-- - 17

Given r\ro lires in space, either they are parallel. or they inlerseci, or
$cy arc skew (imaginc. for cxampic, &c flight plttbs oltwo plancs in
the sky). Exercises 6l and 62 each give thrce lincs. In each cxcrcise,
determihe whether the lines, t6ken r1,o ata time, are pamllel, intersec!.
or are skew. Ifthey intersect- find the point ofintersection.

61. Ll:x=31-2t, l= lt4t,.= 2,4 -co<1<co
L2:r: l+ 4s,y:112s,:: 3 t4s; oo<s<co
,3:;r =.1 + 2r, t=2 + t., z= _2 + 2r:, .- d) < r < xt

62, Ll:x= l1-2t, ,-- | r. , = 3l- _co</.< co

Lz:x= 2_.!, ],,= 3s, ?=l+s. _co<r<m
/-3:r= 5+ 2r, y=1- r, :=8+3?.; -oc</<m

IhloBr and Example!
63. Use Equations (3) to generate 3 paranrcrizarion of the line

through P(2, -4, 7) parallcl [o rr = 2i - j + 3k. Thcn gcnemtc

anolher pa.ametizxtioo ofthe line using the point Pr( -2, -2, I )
andthevector12 - -i + (1/2)j - (3i2)k.

64. Use the conponent form to generate an equation for the plane

through Pr(4, 1,5) nonnal to nr = i- 2j + k. Iheh generatc
.rnothcr Jquali\.,n tbr lhc samc planc uirng,thc pL'inl P-{J. 2. U)

and lhe normal vccror n, Vli * l\ 2j - \ :k.
65. Find thc points in which the line -r'- 1 + 2t,y - -1 - ,.

:: l, meets the coordinate plancs. Describc the reasoning be-
hind your ans!'rer

66. Fxrd equations fbr the line in the plane z = i !ha! makes an angle
of /6 rad with i and an anele of?r.],3 rad widl i. Descritle the rea-
soning behind your answer

67, Istheline-r = 1 - Zt,|.= 2 I 5t,z = j, parallelro fie plane
2! + _r - , = 8I Gi\'c rcasons for yollr answer
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