Chapter eight

Matrices and Determinants

A matrix is a rectangular array of elements (scalars) from a
field. The order, or size, of a matrix is specified by the number of
rows and the number of columns, i.e. A an “m by n” matrix
has m rows and n columns, and the element in the ith row
and jth column is often denoted by a;; :

all alZ a1n
a21 a'22 a'2n
= [aij ]=
_aml am2 amn _

A vector is a matrix with a single row (or column) of n
elements, i.e. the column vector is:-

a;

A=| . and row vector is A=[al a, . . an]

The matrix is square if the number of rows and columns are

equal (i.,e. m =n) and the elements a; of a square matrix are
called the main diagonal.

1 0
1 0
The identity matrix: I =|... .. .. .| issquare matrix
|0 0 .. 1]

with one in each main diagonal position and zeros else.



fa, O 0 ]
0 a, 0
The diagonal matrix D =| -+ -+ . .| hasthe elements
0 0 .. a,
a; 4, ,....,ap In its main diagonal position and zeros in all other

locations, some of the a; may be zero but not all.

A nxn triangular matrix has the pattern:-

ay A, ... Ay, a, 0 .. O
0 a, .. a,, a, a, .. 0
or
_O O ann_ _anl an2 ann_
lower triangular matrix upper triangular matrix
[0 0 0 ]
O 0 .. O
The mxn null matrix:- O=|.. .. .. ..| haszeroin each of
0 0 0 |
its positions.

Elementary operations with matrices and vectors

1. Equality:- Two mxn matrices and A and B are said to be
equal if: a;=Db; V pairsof iand j.

EX-1 - Find the values of x,y for the following matrix equation:

x-2y 0| |3 0
—2 6| |-2 x+y



X—2y=3
x—2y=3 ..(1) } L 2x+2y=12
X+y=6 ..(2)*2 3x=15:>\x:5\

substituton x=5 in(2) = 5+y=6 = |y=1

2. Addition:- The sum of two matrices of like dimensions is the
matrix of the sum of the corresponding elements. If:-

a; A, .. a4, b, b, ... b,
a a ... @ b b ... b
A= 21 22 2n ’ B = 21 22 2n
_aml amz amn_ _bml bm2 bmn_
then
all 1 bll a'12 1 b12 aln 1 bln
a,,tb a, Fb a b
ATB= 21 21 22 22 2n 2n
_aml 1bml am2 1bmz amn ibmn_
thus:
1) A+B = B+A

2) A+(B+C) = (A+B)+C
3) A-(B-C) = A-B+C

EX-2- Find A+B and A-B if:-

2 1 3 1 -2 2
A= ., B=
[1 0 —2} [2 3 —1}

(241 1-2 3+2 [3 -1 5
142 0+3 —-2-1| |3 3 -3

[2-1 1-(-2) 3-2 } [1 3 1}
A—B= =
1-2 0-(+3) -2—-(-1)| |-1 -3 -1



3. Multiplication by a scalar:- The matrix A is multiplied by the
scalar C by multiplying each element of A by c:-

cay, Ca;, .. Ca
Cd, Cap ... Cay,
CA =
ca,; Ca,, ... Ca, |
A 3 2 1 _
EX-3- Assume o 5 _1 ,find 3A.

Sol.-
3A 3*3 3%2 3*1 | |9 6 3

|3%0 3%5 3%(-1)| [0 15 -3
4. Matrix multiplication:- For the matrix product AB to be defined
it is necessary that the number of columns of A be equal to the
number of rows of B. The dimensions of such matrices are said to be

conformable. If A is of dimensions mxp and B is pxn, then the ij th
element of the product C=AB is computed as:-

p
Cij = z aikbkj
k=1

This is the sum of the products of corresponding elements in the i th
row of A and jth column of B. The dimensions of AB are of
course mxn.

6 5 4
1 2 3
EX-4- Assume A= 10 1 and B=|-1 1 -1]| find AB.
O 2 0

Sol.-

—1*6+0(-1)+1*0 —-1*5+0*1+1*2 —-1*4+0(-1)+1*0

[4 13 2
|-6 -3 -4

[1*6+204)+3*0 1%5+2%1+3%2 1*4+204)+3*0}



Properties of multiplication:-
a) A(B+C)=AB+ AC distributive law

b) A(BC)=(AB)C associative law
c) AB = BA commutativ e law does not hold
d) Al=1A=A

1 2 3 -1
EX-5- Assume A{o 3} and B=[2 1} , verify that AB = BA.

Sol.-
1 2][3 -1
AB = =
o sl ]

5. Transpose of matrix:- Let A is any mxn matrix the transpose of A
is nxm matrix A" formed by interchanging the role of rows and
columns.

I RS P PSP

Hence AB = BA

!

a, adp .. a4, a; ady ... Ay,
A= Au  Byp o | |8 Ap e Ap
a'ml a‘m2 a‘mn_ _aln a‘2n a‘mn_

If a matrix is square and equal to its transpose, it is said to be
symmetric, then a;=a; for all pairsof i and j.

Properties of transpose are:-
a) (A¥BY=A"¥B’

b) (AB) = B'A’
¢) (A) = A
3 2 5 4 -1 0
EX-6- Assume A=[2 -1 4| and B=|5 4 3| show that:-
5 4 0 2 1 -1
1) A is symmetric matrix 2) (A+B)Y=A"+B’

3) (ABY = B'A’



’

3 2 5 3 2 5
1) A=|2 -1 4| =|2 -1 4|=A = A isasymmetricmatrix.
5 4 0 5 4 0

1 77 7
2) LHS.=(A+B) =|7 3 =1 3 5
7 5 -1| |5 7 -1
3 2 5/ [4 5 2] ([17 7
RHS=A+B'=[2 -1 4|+|-1 4 1]=|1 3 5 |=LHS.
5 4 0|0 3 -1| |5 7 -1
. (A+B) = A +B'
32 10 17 [32 11 40
3) LH.S.=(ABy =|11 -2 —7] —{10 —2 11
40 11 12 1 -7 12
4 5 273 2 5] [32 11 40
RHS=BA=|-1 4 1|2 -1 4|=|10 -2 11|=LHS.
0 3 -1||5 4 of |1 -7 12
~. (AB) = B'AY

6. Vector inner product:- The inner product of two vectors with the
same number of elements is defined to be the sum of the products of
the corresponding elements:-

_blw
b, n
A'B=[a1 a, - an] : =Zaibi
: i=1
| bn |

Since the inner product is a scalar, hence A'B = B'A. Moreover, the
inner product of two vectors may be taken the following term:-



_al_ _albl ale albn_
a ab. ab, - a)b
ABIZ :2 [bl b2 bn]= 2™ 22 2¥n
| a, | ab, ab, - ab,
Which is nx n matrix.
5 2
EX-7- Let A=[-2| and B=|-1| find A'B and AB’
1 3
Sol.-
2
AB=[5 -2 1]|-1|=5#%2+(-2)*(-1)+1%3=15
3
5 10 -5 15
AB'=|-2[2 -1 3]=|-4 2 -6
1 2 -1 3

Determinants

The minor of the element a; in a matrix A is the determinant of
the matrix that remains when the row and column containing a;; are
deleted. For example, let:-

a11 a12 a13

: . alZ a‘13
A=|a, a, a,| thenthe minor of a,, is
a32 a33
a31 a32 a33
a11 a12 a13 a14 a a a
a21 a22 a23 a24 : : " . .
A= then the minor of a,, is |a,, a,, a,
a31 a32 a33 a34 a a a
Ay 8y 8y Ay “ “ “

and so on.



The cofactor of a; is the determinant A; thatis (-1)™ times the
minor of a;; . Thus:-

for matrix 3x3)= A,, =(-1)**°

11 a'13 a'14

a a
for matrix (4x4)= A, =(-1)*"" s Ay =|ay, 8, Ay
a a

2 Q43 Ay

With each square matrix A we associate a number det A or |A
or ‘aij ‘ called the determinant of A, calculated from the entries of A

in the following way:-
for n=1, A=[a] = |A|=a

a, a
for n=2 , A=| " 12}:

_a21 a'22

a‘11 a12 a‘13
for n=3 , A=|a, a, a,

_3-31 ag, a33_

|A| = Ay @pdg + apayds +a;3a,8,, — (a13a22a31 +apadgas, + a12a21a33)

The determinant of a square matrix can be calculated from the
cofactors of any row or any column.

2 1 3
EX-8- Find the determinant of the matrix;- A=|3 -1 -2
2 3 1
Sol.-
1% method - = -

=2(-1)-1+1(-2)-2+3-3-3-(3(-1)-2+2(-2)-3+1-3-1)
=36



2" method
If we were to expand the determinant by cofactors according to
elements of its third column, say, we would get:-

A= a13A13 + a23A23 + a33A33

3 -1 2 1 )
=3(_1)1+32 3 +(_2)(_1)2+32 3+1(_1)3 3

=3(9—(-2))+2(6-2)+(-2-3)=36

2
3 -1

Useful facts about determinants:-

F-1: If two rows of matrix are identical, the determinant is zero.

3 -1 2
EX-9 Show that:- |2 —3 3=0
3 -1 2
Sol.-
3 -1 23 -1
2 -3 52 -3 =-18-15-4—-(-18-15-4)=0
3 -1 23 -1

F-2: Interchanging two rows of matrix changes the sign of its
determinants.

2 1 5 |-1 0 3
EX-10 Show that:- -1 0 3=- 1 5

1 -2 4 1 -2 4
Sol.-

2 1 52 1
LHS.=-1 0 3-1 0 =0+3+10-(0-12-4)=29
1 -2 41 -2
-1 0 3-1 0
RHS.=2 1 52 1 =—--4+0-12—(3+10+0))=29=LHS.
1 -2 41 -2
2 1 5 |1 0
-1 0 3=-2 1 5
1 -2 4 |1 -2 4



F-3: The determinant of the transpose of a matrix is equal to the
original determinant.

2 1 5 |2 -1 1
EX-11 Show that:- -1 0 3=1 0 -2

1 -2 4 5 3 4
Sol.-

LH.S.=29 fromex-10
2 -1 1|12 -1
RHS.=1 0 -21 0 =0+10+3-(0-12-4)=29 = LHS.
5 3 4|5 3
2 1 5 2 -1 1
-1 0 3=1 0 -2
1 -2 4 p 3 4

F-4: If each element of same row (or column) of a matrix is
multiplied by a constant C, the determinant is multiplied by C.

6 3 15 |2 1 5
EX-12 Show that:- -1 O 3|=3-1 0 3
1 -2 4 1 -2 4
Sol.-
6 3 156 3
LHS.=-1 0 3-1 0 =0+9+30-(0-36-12)=87
1 -2 4|1 =2
RH.S.= 3¥29=87 = LHS.
6 3 1§ |2 1 5
-1 0 3|=3-1 0 3
1 -2 4 1 -2 4

F-5: If all elements of a matrix above the main diagonal (or all below
it) are zero, the determinant of the matrix is the product of the
elements on the main diagonal.



EX-13Find:- |2 3 O

SL'.-
0 05 O

3 02 3 =60+0+0-(0-0-0)=60
-1 41 -1

Or directly 5*3%4=60

5
2
1

F-6: If each element of a row of a matrix is multiplied by a constant
C and the results added to a different row, the determinant is not
changed.

2 1 5
EX-14 Show that |A=[B| if A=-1 0 3| and B is the matrix
1 -2 4
resultant from multiplying row (1) by 2 and adding to row (3).
2 1 5
ie. B=|-1 0 3
5 0 14
Sol.-
|A=29 from ex-10
2 1 5(2 1
Bl=-1 0 3|-1 0 =0+15+0-(0-0-14)=29
5 0 145 O
1A=
1 -2 3 1
_ 2 1 0 2
EX-15Find |_1 2 1 _»
0 1

Sol.-

AR



1 -2 3 1
-2R+R, 2 1 O
=== 1 _o Expanding the determinant by using the
0 2 1
5 2 05 2
first column. >>=10 4 -10 4 =20+6+0—-(0-10+0)=36
1 -6 1|1 -6

Linear Equations
There are many methods to solve a system of linear equations:
AX=B

I) Row Reduction method It is often possible to transform the linear
equations step by step into an equivalent system of equations that is
so simple it can be solved by inspection.

We start with nx(n+1) matrix [AEB] whose first n columns
are the columns of A and whose last column is B. We are going to
transform this augmented matrix with a sequence of elementary row
operations into [I ES] where S is the solution of X.

2X+3y—-4z=-3
EX-16 Solve the following linear equation: X +2y+3z=3
3X—y—12=6
Sol.
2 3 -4 X -3
AX=B where A=|1 2 3|, X=y , B=
3 -1 -1 6

[A'B]=|1 2 3 i3 |=>=>= |1 2 323

2 3 -4 :-3 0 -1 -10 : -
—2R,+R,
. —3R,+R; .
3 -1 -1:6 0O -7 -10 :-3
_ (1 2 3 :3 1 0 -17:-15
inter change 2Ry+Ry
>== [0 -1 -10:-9|=>=>= |0 -1 -10:
R;and R, . —7TRy;+R;
0 -7 -10i-3 0 0
; (1 0 0:2 1 0 0:2
s RetRy Ry*(-1)
2210 -1 0i 1| === 0 1 0i-1{=[1:8]
o 0 6060 " |0 0 1i1

'Y



Hence |y|[=|-1| = |x=2 ,y=-1 ,z=1

I1) Cramer’s Rule When the determinant of the coefficient matrix A
of the system AX=B is not zero (i.e. ]A\ # 0) the system has a unique

solution that it may be found from the formulas:

. Al

=TA Where |A] is the determinant of the matrix, comes

from replacing the ith columnin A by the column

of constant B.

EX-17 Resolve example 16 using Cramer’s rule:
Sol.

2 3 42 3
A=|1 2 3|1 2 =-4+27+4-(-24-6-3)=60
3 -1 -13 -1
-3 3 -4-3 3
A|=|3 2 3|3 2 =6+54+12—(-48+9-9)=120
6 -1 -16 -1

2 -3 —42 -3
A=l 3 3[1 3 =-6-27-24—(-36+36+3)=-60
3 6 -13 6
2 3 -32 3
A|=[1 2 3|1 2 =24+27+3-(-18-6+18)=60
3 -1 6[3 -1
o IAl_120 —
S X_’N_GO X=2
A —60 -
y_ N_ 60 = y— 1
_|Al_s0 _
e T

Thesameresultinex - 16.

VY



Problems — 8

3 1
A= _| 23 C=|4 -1
1) Let A=y , o1 4 -2 -
0 2
1 0 4 _—
D=|0 1 2|, E=[ - ].Find:-
4 2
0 -1 1
a) AB b) DC ¢) (D+1)C d) DC+C e) DCB
f) El g) 3A+E  h) -SE+A i) E(2B)
110 1 3 9 6 10| [-6 42 -9
ans.:a)_ _}b)4 3lcd)| 8 2]e| 1 20 6
—4 16 -8
: —4 3 ~4 5| |-7 4 -18

3 -1 6 5 -14 7| |8 4 22
f 4 2} g)[4 14} h)[—zo —6} ')[4 32 16

N

2) Find the value of x :-
2 1 0] x
[x 4 1]j1 0 2||-7|=0

024%

[anss x=g or x=1]
ans.: x=§ or x=1

3) Find v and w if: [5 w]=v[-2 1].

(s wmv=3)
ans.: w=v=-——
2

0 2
4 A=t TP 2 B=|-1 3| Fina:
) Let g 1 4| B7 , Find:-
5 =2
a) 2A+ B’ b) B'A"— I
(ans.:a)[2 -3 9} b)[10
2 5 6 -5
3 0 1
sLetA=| 0 1 2|.8=] " | Fina:
) € - ' - _1 3 2 y Ina:-
-1 1 5

V¢

|

19

-6

|




(2A-1)B' and show that

6) For what value of x will:

(ans.

- X

(AB) = B'A’
-1
11
26

02

7) Let A be an arbitrary 3 by 3 matrix and let R, be the

matrix obtained from the 3 by 3
0O 1 0

identity matrix by

interchangingrow land2: R, =|1 0 0], a) Compute Rj,A

0 0 1

and show that you would get the same result by interchanging
rows 1 and 2 of A. b) Compute AR;, and show that the result
Is that you would get by interchanging column 1 and 2 of A.

8) Solve the following determinants:-
2

2 31

a)ldh 5 2

d)

g)

1 2 3

1 0 -1
0 2 -2
2 0 1

b)l-1

3

e)

w O O -

a21
ans.: a)l a,;
a31
-1 -2
2 1 c)
0 -3
1 0 O
0o -2 1
-1 0 7
0 2 1
0100
h)O 1 1 0
1 1 11
1 1 0 0
ans.: a)->5
( e )38

Yo

a‘22 a23
a‘lZ al3
a‘32 a33
2 -1
1 0
0 2
1
0
f
o
0
b )0
f)1

a12
b) | a,,
a32

o O = DN
w DD NN W

c)-7

g)2

N P W b

h)-1

a11
aZl
a31

d)6

a13
a23
a33

J



9) Solve the following system of equations:-
C) X+ y+z=2

2X —y+z2=0
X+ 2y—z=4

a) x+8y=4 b) 2x +3y =5
33X —y=-13 X —y =2

d)2Xx +y-z=2 e)2x-4y =256 f)x—z =3
X —-y+12=7 X+y+z=1 2y-21=2
2X +2y+z2=4 Sy + 7z =10 2X +z =3
9) Xk X =X ¥ X =2 Ay e dz= 19
6Xx +4y—-2z=8
X +5y+4z2=23

X, =X, + X;+ X, =-1
Xi+ X, + X=X, =2

X, + X3+ X, =-1
ans.: a)x=-4,y=1 b)yx =y=1
c)x=79,y=17—0,z=—7E d)x=3,y=-2,2=2
e)x=0,y=—%,z=% fyx=2,y=0,z=-1
g)xl=2,x2=0,x3=x4=—i h)x =-2,y=5,2=0

2

1
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