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Note: Answer Only five Questions

Q1) [12 Marks]

(a) The two conducting planes illustrated in Figure below are defined by 0.001 < p < 0.120 m,
0<z<0.1m,¢ =0.179 and 0.188 rad. The medium surrounding the planes is air. For region 1,
0.179 < @ < 0.188, neglect fringing and find: (i) V(©), (ii) E(p), (iii) D(p), (iv) ps.

p=12cm
p=1mm
10 cm
=088, V"'Z"VV v !
> LIS, =AY Regon l
Gap
Solution:
(1) Laplace’s equation is now
1 0%V
p? 00?2
We exclude p = 0 and have
d*v
a0? =0
The solution is
V=A0+B

and so

20 = A(0.188) + B

200 = A(0.179) + B
Subtracting one equation from the other, we find

—180 = A(0.188 — 0.179) - A = —20000
20 = —20000(0.188) + B —» B = 3780
Finally: V(@) = —200000 + 3780 V
1dV 20000

20000 0.177
(iii) D(p) = €,E(p) = 8.854 x 10712 x 5 ag = 5 ag uV/m
] 1.77 X 1077 1.77 x 1077 )
(IV) Ps :D'nlsurfsce ZT%'% :T C/m
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(b) Calculate the mutual inductance per unit length between two coaxial solenoids of radius p; =
1cmand p, = 2 cm, with N; = 80 and N, = 100 turns/cm, respectively. Also, find the inductance
per unit length for each coaxial.

Solution:

My; = poN,Nomp? = My,
M, = poN;N,mtp? = 4w X 1077 x 8000 x 10000 X w X 10~* = 31.6 mH/m
L = poNES; = 4w x 1077 X 8000% x w x 10~* = 25.3 mH/m
L, = ugN2S, = 4w x 1077 X 10000%2 x T X 4 X 10™* = 157.9 mH/m

Q2) [12 Marks]

(a) Two semi-infinite filaments on the z axis lie in the regions —o <z < —-1and 1 <z < oo,
Each carries a current I in the a, direction. Calculate H as a function of p and @ at z = 0.

dx X
|- =
Solution:
One way to do this is to use the field from an infinite line and subtract from it that portion of the
field that would arise from the current segment at —1 < z < 1, found from the Biot-Savart law.
Thus,

I ! Idza,[pa, — za,]
dg — j

H=-—
21p _1 4n[p? + 22372
The integral part simplifies and is evaluated:
fl Idza,|pa, —za,| Ip A ! I
=—ag—F—— =—————ay
o Anlp? + 222 An T p2 [p2 4 72| ompfp? +1

Finally,
I I 1

I
=_—ag — ag = 1——
2mp°  4mpfpZ 1 ° anl pZ+1
(b) If x,, = 6.95 for a material and B = 10ya, + 20xa, mT. Calculate the following H, u, p,-, M,

H Agp

]! lB! ]T
Solution:
B = pou,H = py(1 + x,,)H then
B (10ya, + 20xa,) x 1073
H= _ _ i
‘Llo(l + Xm) 417 % 10-7 x 7.95 ya, + xay /m

U= oty = po(1+ x,,) =47 x 1077 X 7.95 = 10 uH/m
=1+ yx, =795
M = y,,H = 6.95 x (ya, + 2xa,) = 6.95ya, + 13.9xa, kA/m
|3x Ay Ay a, a, a,
o a4 0 a a4 0
J=VxH=|5" 3y oz =103 ox 3y oz = a, kA/m?

"]

H, Hy H, y 2x 0
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Js =VXM=Vx(x,H) = 695 x 10%a, = 6.95a, kA/m?

a, a, a, 1A A, ay
B 1|9 0 90 102 |0 4 0 ,
b =Vx-e="-1ox 8y 92| Tamx107|ox ay oz|~ /003 KA/m
B, By B, y 2x 0
Or in another way
B H
Jr = VX —=Jp =V x P Y% H = ] = 7.95 a, kA/m?
Ho Ho
Q3) [12 Marks]

(a) The permittivity is 5 uH/m in region 1 where x < 0, and 20 uH/m in region 2 where x > 0. If
there is a surface current density K = 150a, —200a, A/m at x = 0, and if H; = 300a, —

400a, + 500a, A/m, find: (i) By; (ii) B,; (iii) H,.
Solution:
(1)
B, = w;H; = 5x 107%(300a, — 400a, + 500a,) = 1.5a, — 2a, + 2.5a, mT
(i)
BNl == (Bl - ale)ale == [(15ax - Zay + 2532) * ax](ax) == 15az mT
BNI = BNZ = 15ax mT
We next determine the tangential components:
Btl == B1 - BN1 == _Zay + 2.532 mT

B, (-2a,+25a,)x1073

Uy 5x10-°
Thus,
H, = H,; — ay;, X K = —400a,, + 500a, — a, x (150a, — 200a,)

= —400a,, + 500a, — 150a, — 200a, = —600a,, + 350a, A/m

B, = ,H;, = 20 X 107%(—600a, + 350a,) = —12a,, + 7a, mT
Therefore,

B, = By, + B;, = 1.5a, — 12a, + 7a, mT

(iii)

B, (1.5a,—12a,+7a,)x 1073
2T u, 20 x 10-6

= 75a, — 600a,, + 350a, A/m
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(b) Let u = 1075 H/m, e =4 x107° F/m, ¢ = 0, and p, = 0. Find k (including units) so that
each of the following pairs of fields satisfies Maxwell’s equations: (i) D = 6a, — 2ya, + 2za,
nC/m?, H = kxa, + 10ya, — 25za, A/m; (ii) E = (20y — kt)a, V/m, H = (y + 2 X 10°t)a,
A/m.
Solution:
(i)

0H, O0H, OH

V-H=p,=——+ % + aZZ=k+10—25

but p, = 0, then
k+10—-25=0 - k= 15A/m? because it has the same unit of p,
(iAso =0then]=0¢E=0

dD
VXH=]+E
1.e.
dD
VXH=E
& A ;| A A&, 3, a, a, a,
d ad 0 d d 0 d da o0
VXH=VXH=&@E=a@£— E £&=ax

H, H, Hl| |E. E, El l20y—kt 0 o0
oD d(eE)  OE

—_— = _— = k
at ot at e
Return to Maxwell equation
VXH= 9D
ot
then
a, = —eka,
Leads to
1 1 8
S T

To find the unit of k return to E = (20y — kt)a, thus kt has the same unit of E which is V/m.
Then unit of k is (V/m)/s or V/(m.s).

Q4) [12 Marks]

(a) A current filament carrying 15 A in the a, direction lies along the entire z axis. Find H in
rectangular coordinates at Pz (2, —4, 4).

J‘” dx B (4ax + 2b) B 8a
_o(ax?+bx+ ) [(4ac — b?2)Vax? + bx +c _, (4ac—b*)Vax?+bx+c

Solution:
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Applying the Biot-Savart Law, we obtain
IdL x ag * Idza, x [2a, — 4a, + (4 — 2)a,]
- 3€ 4mRZ j 41(z2 — 8z + 36)3/2
®  Idz[4a, + 2a,]
B .[_Oo 41(z%2 — 8z + 36)3/2
with a = 1,b = —8, ¢ = 36 the integral results
I 8 x 1 x (4a, + 2a,) I [ 8(4a, +2a,)

~4m (4><1><36—64)\/22—82+36] _Elsovz2—8z+36 -

with I =15 A

— 00

I
207 (4a, + Zay)

H= £(4ax +2a,) = > (2a, +a,) = 0.477a, + 0.23%a, A/m
401 41
(b)

If B = xa, + y*a, — 2za,, find the total force on the rectangular loop shown in Figure below.

~2,-2

,0) (
/
(2,-2,0)

(2,2,0)

2,2, 0)

Solution:
First, note that in the plane z = 0, the z component of the given field is zero, so will not contribute
to the force.

F=f IdL x B
Loop
WithI = 0.6

2 2
F = J— 0.6dxax X (xax + y2|y=_zay) + f 06dyay X (x|x=Zax + yzay)
-2 -2

-2 -2
+f 0.6dxa, X (xa, + y?|,=,a,) + f 0.6dya, X (x|,=_a, + y?a,)
2 2

2 2 -2 -2
= J 0.6(4)dxa, + f 0.6(2)dy(—a,) + f 0.6(4)dxa, + f 0.6(—=2)dy(—a,)
_22 2 2 -2 ? -2 ?
=24a,| dx—12a,| dy+ 2.4azf dx + 2.4azf dy =9.6a, —4.8a, —9.6a, — 4.8a,
-2 -2 2 2
= —9.6a, N
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Q5) [12 Marks]

By using Laplace's equations to derive a formula to calculate the capacitance of the cone shown in

the Figure below where 8 = «a at V;, and the plane 8 = /2 atV = 0.
dae 7]

Use {f ——=In (tanz) + C}

Solution:

—

ij —_ lf'o

- Gap

=40

1 d(_ de)—o
r2sin @ do St do)

We exclude r = 0 and 8 = 0 or 7= and have

_ HdV—A
sinf -5 =

The second integral is then

A
V=f ——d6 + B
sin 8

But

fde = <t 9)+C
sing . \"13

then
0
V=Aln (tanE) +B (1)

butV=0at8 =mn/2andV =V, atf8 = a, a < m/2. We obtain

i

V(9=E)=O and V(@ =a) =V,

Sub in (1)

s

0=A1n(tanz)+B 5 0=A4(00)+B -B=0

Vo

V0=Aln(tan%)+B -V :Aln(tan%) AA:@

Substituting values of A and B in (1) then,
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V=1,
In (tanj)
E— B 10V 1dV
= o0 g ¢

V¢ [ln (tan%)] _ w1 ( 9) (1)
 rIn (tan %) de 0= rln (tan %) tan% sec” 2 40

_ Vo .cos% 1 (l)a _ A _ 1 (l)a

i (tan %) sin% COSZ% 2" ¢ (tan %) sin%cos% 2)°°

W1
rln (tan%) sin6 *°

The surface charge density on the cone is then (ps = Dylg=o = €E)
_EVO

Ps = rsinaln (tan %)

producing a total charge Q,

0 ] s —€eV, j°° jz”r sina ddd —2meV, J“’d
= psdS = S r=——© r
s rsinaln (tan %) o Yo r In (tan %) 0

This leads to an infinite value of charge and capacitance, and it becomes necessary to consider a

cone of finite size. Our answer will now be only an approximation because the theoretical
equipotential surface is 8 = «, a conical surface extending from r = 0 to r = oo, whereas our

physical conical surface extends only from r = 0 to, say, r = r;. The approximate capacitance is

- Q] 2men
Vo In (cot %)
Q6) [12 Marks]
(a) The magnetic field intensity is given in a certain region of space as
x+2y 2
= Z—zay + —da, A/l’l’l

(i) Find J. (ii) Evaluate both sides of Stokes’ theorem for the field H to find the total current passing
through the surface z = 4, 1 < x < 2, 3 < y < 5, in the a, direction.
Solution:

OHy  _2(x+2y) 1

. oH,
(i) J=VXH=—-——a, + 3% & e a+3a,

0z
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(ii)1=fj]-ds=jfllz4 a,dxdy = f f dxdy—— A

the other side of Stokes' theorem This involves two integrals of the y component of H over the
range 3 < y < 5. Integrals over x, to complete the loop, do not exist since there is no x component
of H. We have

B B +2y 1+2y 1 1 1
1_3§H dL—L dy + j —dy=2@) - @ =5 A

(b) Express the value of H in at P(p, @, 0) in the fleld of a coax, centered on the z axis, with a =
0.3, b =0.5,¢c=0.7,1 = 5A in the a, direction in the center conductor (i) p = 0.2, (ii) p = 0.4,
(iii) p = 0.6, (iv) p = 0.8.

Solution:

M)p=02Asp<a

Ip  5x02 1
2maz @ = 27(0.3)22° T 272(0.09)
iMp=04 Asa<p<bhb

H =

aQ) = 1.773@ A/m

1
" 2mp  2m(0.4)

= 1.993@ A/m

(i)p=06 As b<p<c

H = I (c2=p?\ 5 0.72 — 0.62 0724 A
=2 \c2=57) = 2m0ey\072 —052) = 072 A/m

(i) p=08 As p>c

H=0 A/m
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